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Abstract
This PhD thesis is primarily concerned with the study of propagation - either enhanced or inhibited -
of elastic and electromagnetic waves in composite structures governed by coupled equations. The
introductory chapter of the thesis provides scientific and technological motivations of the aforemen-
tioned problems by means of a literature review. Chapter 1 is concerned with the mathematical
methodologies and illustrative examples useful in the subsequent chapters. In particular, the governing
equations for piezoelectric materials are discussed. Quasi-periodicity Bloch-Floquet conditions are
presented and used to study periodic isotropic and piezoelectric layered structures as well as structured
discrete lattices in one and two dimensions. In chapter 2, we formulate and solve the scattering of
shear elastic and TM electromagnetic waves from a finite stack of piezoelectric layers via a recur-
rence procedure approach. The reflectance and transmittance are evaluated for pass- and stop-bands
of the corresponding periodic problem. Particular attention is given to the so called “cross-term”
transmittance, i.e. to the quantification of the conversion efficiency of electromagnetic energy into
elastic energy and vice versa. Chapter 3 is dedicated to the analysis of the dispersive properties of
a doubly-periodic piezoelectric composite material. Different frequency regimes are identified: a
low-frequency regime where the material behaves isotropically, and a higher frequency regime in
which the material exhibits dynamic anisotropy. Attention is given to the role of the piezoelectricity
on the aforementioned phenomena. Chapter 4 introduces a triangular lattice whose unit cell contains
a geometrically chiral inclusion, i.e. a triangular resonator which is tilted by an angle ϑ0 with respect
to the hosting unit cell. The Newton equations for the structured unit cell are solved together with
Bloch-Floquet boundary conditions. The physical implications of the geometric chirality are identified
and discussed both via the analysis of the dispersion diagram and through illustrative examples,
including Bloch-Floquet displacement fields and forced problems of elasticity. Chapter 5 is devoted to
several applications of the lattice structure introduced in chapter 4: focussing of elastic waves through
a “flat lens” is achieved using the novel tunable dispersive properties of the triangular lattice with
tilted resonators; structural interfaces containing tilted resonators are implemented and analysed in
the context of edge wave-guiding and wave-defect interaction; finally the role of resonators on the
initiation and advance of a crack in a thermoelastic lattice is investigated. In chapter 6 we provide our
conclusions and outline future work.
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Introduction
The main focus of this thesis is the study of propagation, filtering and localisation of
elastic waves in composite structures. Throughout the thesis we may equivalently refer
to the investigated composite structures as elastic or phononic metamaterials. The elastic
metamaterials presented and studied in this thesis belong to two main classes of structures:
• One-dimensional (1D) and two-dimensional (2D) continuous piezoelectric metamateri-
als;
• 2D discrete chiral metamaterials.
Mathematical methods for structured media. Periodic media can be modelled as dis-
crete lattices or continue solids with a micro-structure. This choice is dictated by the scale
and geometries of the problem. The monograph by Maradudin et al. [54] provides an
important contribution to the band theory of the lattice dynamics of atomic nuclei in solids
(the vibration modes and associated phononic branches), where the interaction between
the nuclei was treated in the harmonic approximation with classical potentials. Discrete
1D problems in structural dynamics were considered by Mead [58], who studied the unit
cell of 1D periodic continuous systems using a finite number of displacement coordinates.
The work was later extended by Langley [46] whose main contribution was to incorporate
the unit cell’s boundary conditions within a functional used in a variational principle. The
accurate descriptions of frame-like and truss-like elastic periodic 2D lattices were proposed
by Martinsson and Movchan [56].
Ho et al. [29], Zhang et al. [104] and Plihal et al. [74] proposed the solution of the
Maxwell equations in all-dielectric two-phases periodic media via the plane-wave expansion
method. In [29], the existence of band gaps in an artificial 3D photonic1 medium consisting
of a periodic arrangement of spheres was shown. In [104] and [74] the focus was on a
1 Phononic metamaterials are media where the dispersion of elastic waves can be influenced via the geometry
and/or composition of the underlying micro-structure. Similarly, photonic metamaterials are used to influence
the dispersive properties of electromagnetic waves.
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2D photonic crystal and its dispersion properties. The method of plane-wave expansion
in dielectric photonic crystals has been significantly improved, expecially after the work
by Meade et al. [59] and Johnson and Joannopoulos [37]. These improvements were
needed in order to reduce the number of plane wave terms in the expansion. Leung and
Qiu [50] used the Korringa-Kohn-Rostoker method [42, 41] to obtain the band diagram
of 2D photonic crystals with circular inclusions. The method was based on the Green’s
function representation of the scattered waves from spherical obstacles. Chan et al. [17]
obtained a solution of Maxwell equations in 2D (both periodic and defective) photonic
crystals. Their real space method, known as finite difference time-domain method, employs
discretisation of the Maxwell equations in both the spatial and the time domain and the
integration of the Maxwell equations in the time domain. The method scales linearly with
the size of the system, while conventional plane-wave expansion methods scale with the
third power. Finite difference and finite element methods were studied by Yang [98] and
Dobson [26], respectively. Both authors addressed wave-guiding problems in 2D photonic
crystals whose unit cell is irregular, i.e. it either contains multiple corners at the interface
between the constituent materials or it is highly anisotropic. The multiple multipole method
was used by Moreno et al. [63] to study periodic media containing metallic interfaces. The
multiple multipole method is a numerical technique for performing electrodynamic field
calculations in the frequency domain. It is particularly suitable for the study of media which
include metallic interfaces, as they are computationally intensive due to frequency-dependent
complex-valued dielectric functions. Busch et al. [13] provided a review of all the advantages
and disadvantages of the methods mentioned above. Botten et al. [8, 9] used the multiple
scattering method to study wave scattering by grating stacks made of cylindrical metallic and
dielectric inclusions in a dielectric host. The method of multiple scattering was generalised
by Botten et al. [10] to the study of phononic dispersion of periodic gratings.
The plane-wave expansion method was used by Sigalas and Economou [83, 82] to study
continuous phononic metamaterials. The multipole representation of boundary conditions
along the perimeter of circular inclusions/perforations in thin elastic plates was discussed
by Movchan et al. [64] and analysed further by Poulton et al. [75]. McPhedran et al. [57]
considered flexural waves in a thin elastic periodically pinned plate, as a special case of the
inclusion radius being zero. The lattice Green’s function was constructed to show localised
vibrations at frequencies within the first zero-frequency band gap of the structure. Hussein
[35] introduced the reduced Bloch-Floquet mode method based on the selection of modal
Bloch-Floquet solutions of an elastic time-harmonic problem for a given phononic structure.
The selection was performed at special high-symmetry points in the first Brillouin zone.
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State of the art and challenges of piezoelectric technology. Piezoelectric transformers
(both actuators and sensors) are used in sensitive measuring equipment, energy harvesting
devices, electronics (MEMs), defence, security and medical equipment. We outline here the
state-of-the-art of the technology based on piezoelectric components. Piezoelectric actuators,
whose working principle is based on the “indirect piezoelectric effect” are widely used in
scanning tunnelling and atomic force microscopy (Chen [18]). Piezoelectric sensors are based
on the “direct piezoelectric effect” which governs the conversion of mechanical signmeals
into electric signals. Their designs include piezoelectric ceramics combined with seismic
masses.
The piezoelectric effect recently received attention in the context of energy harvesting
research. Large networks of low-power electronic devices require self-powering mechanisms.
The harvest of energy from mechanical vibrations using piezoelectric harvesters seems to
be a sustainable, yet challenging, solution. A review which focuses on the piezoelectric
energy harvesting is given by Anton and Sodano [2]. A review which compares piezoelectric,
electromagnetic (inductive) and electrostatic (capacitive) energy harvesting is given in Wei
et al. [96]. According to [96], piezoelectric materials are scalable, i.e. their technology is
suitable to be transferred from macroscopic to microscopic scale and vice versa. Moreover,
the piezoelectric coupling of piezoelectric ceramics and crystals is independent of ambient
electromagnetic waves in contrast to electromagnetic and electrostatic mechanical harvesters.
In addition, piezoelectric devices are passive, i.e. they do not require a source of external
power, and they are light-weight. Finally, it is worthwhile mentioning that most piezoelectric
ceramics are biologically compatible making them ideal candidates in biomechanical energy
harvesting applications, such as for self-powering purposes of pacemakers [51].
The main drawback of energy harvesters based on piezoelectric ceramics and crystals is
that their conversion efficiency is significantly lower compared with their electromagnetic and
electrostatic counterparts. In addition, for a given poling direction, the mechanical-to-electric
energy conversion spectrum is narrow around a characteristic frequency. However, both
the conversion efficiency and the operational bandwidth can be improved by harnessing the
geometry and poling direction in various piezoelectric materials [2]. Piezoelectric multi-
layers, i.e. stacks comprising two or more piezoelectric materials,have superior conversion
efficiency. The presence of interfaces, and the specific boundary conditions adopted, strongly
influence the electromechanical coupling. For this reason, piezoelectric inhomogeneous
composites that are made of piezoelectric ceramics and crystals are widely used in many
applications in physics and engineering [100]. In the context of improving the energy
conversion efficiency of piezoelectric devices (see Tallarico et al. [89]), we recently studied
the scattering of elastic and electromagnetic waves from a layered piezoelectric structure
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using the multiple scattering method. The literature on elastic or electromagnetic scattering
by structured finite objects is vast, as pointed out earlier. This reflects the recent scientific
and technological effort in moulding the flow of elastic and electromagnetic waves in
structured media. However, the interaction between elastic and electromagnetic waves is
often overlooked. Piezoelectric crystals and ceramics provide a natural platform to study
such coupling effects. The main contribution of [89] has been the accurate evaluation of
the scattered energy flux by a finite layered piezoelectric bi-material. In contrast to the
earlier article by Shuvalov and Gorkunova [81], where the electromagnetic field is localised
at the boundaries of a layered piezoelectric medium, our method is not limited to a low-
frequency elastic-dominated scattering, but it is extended to frequencies where both elastic
and electromagnetic propagating waves interact via the piezoelectric effect. Chapter 2 of this
thesis is devoted to the discussion of this problem.
In the last two decades, the improvement in miniaturisation of electronic devices, have
sparked also research interest in novel electromechanical coupling schemes beyond piezo-
electricity. Piezoelectricity is based on the coupling of the electric polarisation and the elastic
strain in non-centrosymmetric solids. Few atoms or atomically thin membranes exhibit
flexoelectricity [79], based on the coupling between the gradients of strain and electric
polarisation. At the nano-scale [88], flexoelectric electromechanical coupling dominates over
the conventional piezoelectric effect which is based on the broken inversion symmetry of the
unit cell. The electromechanical coupling considered in this thesis arises from piezoelectric
effect at the mm scale.
Focussing of elastic waves. In the last two decades, significant progress has been made in
gaining control of elastic waves at multiple scales. These advances are primarily due to recent
improvements in micro- and nano-fabrication as well as novel theoretical breakthroughs,
such as focussing through negative refraction. Negative refraction was predicted by Veselago
[94] to occur at the interfaces between two electromagnetic media, one of which with
simultaneously negative dielectric permittivity ε(ω) and negativity magnetic permeability
µ(ω). Pendry [69] theorised focusing based on negative refraction via a “double negative”
indices flat lens. One of the most remarkable consequences of this exotic focussing is that
it is almost lossless and goes beyond the Rayleigh resolution limit. Back in 1879, Lord
Rayleigh [76] found that the image of two point sources of light passing through a circular
lens of finite aperture (the diameter) D, cannot be resolved if their angular separation2 is less
2The angular separation is defined as the angle between the two point sources as “seen” from the point of
intersection between the optical axis and the lens.
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than a threshold angular separation
θth = 1.22
λ
D
, (1)
where λ is the wavelength of the light coming from the point sources. The factor 1.22 is the
approximate ratio of the first zero of the first-kind Bessel function J1(x) and π , and it denotes
the radius of the first bright diffraction circle [7]. In order to reduce the resolution limit in Eq.
(1), conventional super-resolving lenses have wide apertures - astronomical radio-telescopes
are hundreds of meters wide [27]. The finest details of an optical image – those smaller than
a wavelength of light – are carried by waves that decay exponentially as the light travels
through a material. These “evanescent” waves cannot be focused in conventional materials
characterised by positive dielectric permittivity and magnetic permeability . However,
Pendry [69] has shown that these decaying waves would actually grow as they pass through
a material with simultaneous negative dielectric permittivity and magnetic permeability,
making a perfect lens possible.
As emphasised above, there are some practical limitations to the conversion efficiency of
energy harvesting devices. More efficient energy focussing schemes provide a useful and
viable way to circumvent these limits, by increasing the available incident flux of energy.
Negative refraction of elastic or acoustic waves can arise from double negative materials, i.e.
from locally resonant structures which exhibit a negative effective mass and negative bulk
modulus [44, 80]. Luo et al. [53] exploited the dynamic anisotropy of a photonic crystal
to achieve all-angle negative refraction and focussing without the effective refractive index
being negative. Their scheme is based on Bragg scattering that induces bands with a negative
group velocity. The same idea has been exploited in the context of phononic crystals for
elastic waves by Ke et al. [39] and for water waves by Hu et al. [31]. Evidence of an acoustic
super-lensing effect has been provided by Sukhovich et al. [86]. “Flat lenses” for elastic
waves in simple discrete lattices were treated by Colquitt et al. [19, 20].
It is worthwhile emphasising that metamaterials and phononic crystals have complex
dispersion surfaces. However, it is possible to design these systems such that, in a narrow
frequency band, they act as double negative materials with an effective negative index of
refraction.
We recently studied Bloch-Floquet waves in a lattice with geometrically chiral inclusions
(see Tallarico et al. [90]) which is the main focus of chapter 4 of this thesis. The tunable
properties of this lattice are traced back to a geometric parameter referred to as tilting angle.
Harnessing the dispersion properties of the lattice, we were able to achieve negative refraction
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Fig. 1 A structured interface (left panel) made of tilted resonators in a triangular elastic lattice
exhibits focussing by negative refraction (right panel).
[90]. An example of focussing via negative refraction is shown in Fig. 1 and further details
can be found in chapter 5 of this thesis.
Piezoelectric metamaterials as dynamically coupled composite structures. The analy-
sis of piezoelectric structures is often based on the quasi-static approximation as discussed in
the monograph by Auld [3]. As a result, in this theory, although the mechanical equations
are dynamic, the electromagnetic equations are static, the electric field being irrotational.
When electromagnetic waves are involved, the complete set of Maxwell equations has to
be taken into account, coupled to the mechanical equations of motion. The fully coupled
equations of motion can be found in [3], Kyame [45] and Yang [99], among others. In this
context, Darinskii et al. [25] discussed the role of electromagnetic waves in problems of
reflection of acoustic waves at the interface between two semi-infinite piezoelectric materials.
At quasi-normal incidence, i.e. for an angle of incidence θi ≈ va/vl , where va and vl are
the typical speed of sound and light respectively, they found that according to the fully
coupled electromagnetic description, the acoustic waves undergo total reflection while the
quasi-electrostatic approximation predicts almost total transmission. The full set of Maxwell
and Newton equations, for a very common symmetry class of piezoelectric materials, is
assumed in this thesis and it is discussed in chapter 1.
Babiker et al. [5] studied the dynamic properties of 1D superlattices with metallic
interfaces. This article paved the way to the study of polariton waves3 in piezoelectric super-
lattices. As reported by Lu et al. [52] and Zhu et al. [105], a special type of polariton stems
from the dynamical coupling of the Newton and Maxwell equations in layered piezoelectric
3Polaritons are waves arising from the collective excitation of photons with other resonant excitations
(normal modes) of the structure, e.g. plasmons and phonons [1]. In this thesis the term “polariton” refers to the
phonon-photon polariton in a similar sense as in [61].
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periodic structures. This results in a polariton-induced band gap for Bloch-Floquet waves
[103] and anomalous dielectric properties of the medium [105].
The coupling constant between electromagnetic and elastic wave equations in piezoelec-
tric crystals is smaller compared to the one in ionic crystals, where the unit cell exhibits a
net charge rather than a dipole moment. Huang [33] predicted polaritonic behaviour in bulk
ionic crystals. In piezoelectric bulk materials, some components of the elastic displacement
may decouple from the electromagnetic wave equations. However, even for those limit
configurations Sabina and Movchan [78] have shown that the piezoelectric coupling strongly
influences the interface conditions between two piezoelectric materials. More recently Pili-
posian et al. [70] have studied the dispersion diagram of out-of-plane shear waves in periodic
piezoelectric bilayers. The dispersion equation derived in [70] is discussed in chapter 1.
Inspired by [78], and [70], Tallarico et al. [89] have studied the scattering of elastic and
electromagnetic waves by a finite layered structure. This topic is covered in chapter 2 of this
thesis.
Before [78] and [70], photonic and phononic crystals made of piezoelectric materials
were discussed by Zhang et al. [102], Wu et al. [97], Laude et al. et al. [48] and Hou
et al. [30], among others. In particular, Zhang et al. [102] presented a model for the
transmission problem in stratified media, emphasising applications in acoustics. The effects
of electromechanical coupling in models of surface acoustic waves were discussed by Wu et
al. [97] and Laude et al. [48]. Surface and bulk acoustic waves in two-dimensional phononic
crystals were studied in [97]. A plane-wave expansion method for spectral problems in
phononic piezoelectric crystals was presented in [30]. Sabina and Movchan [78] discussed
the role of the electromechanical coupling on the dispersion properties of in-plane Bloch-
Floquet waves within one- and two-dimensional phononic crystals. The non-centrosymmetry
of the unit cell of piezoelectric materials is associated with anisotropic wave propagation.
This makes their modelling challenging. However, many types of polarised piezoelectric
crystals are orthotropic. In this case, the mathematical treatment of piezoelectricity greatly
simplifies, and the formulation can be split in a 2D in-plane problem and a 1D out-of-plane
problem.
Many out-of-plane problems are mathematically simple and can often be solved ana-
lytically, thus clearly showing the physics involved. Moreover, out-of-plane problems in
piezoelectric materials are of great technological interest as outlined by Yang et al. [100].
Piliposian et al. [70] analytically derived and solved the dispersion equation for shear elastic
Bloch-Floquet waves in 1D layered piezoelectric materials. The effects of the electromechan-
ical coupling and filling fraction on the dispersion of Bloch-Floquet waves were investigated
there. Polaritonic effects were investigated in a similar periodic piezoelectric waveguide by
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Piliposyan et al. [71]. The dynamical coupling of Maxwell and Newton equations arises
in [71] because of the finite size of the wave-guide in one of the spatial dimensions. More
recently, the study of the effects of polaritons on the dispersion of Bloch-Floquet waves and
on the transmission properties has been extended to piezoelectric layered structures with
metallised interfaces by Piliposyan et al. [72].
Discrete lattices. The recent technological progress in etching and milling by three-
dimensional (3D) printing at the mesoscopic scale (see Truby and Lewis [93] and Fu et
al. [28], among others), alongside the usual mathematical tractability and physical clarity,
have reignited research interest in discrete elastic composite structures. Elastic discrete
lattices have always attracted the attention of mathematics and physics research communities.
Elastic 1D and 2D lattices whose unit cells are made of mass-spring structures, have been
chosen by Brillouin [11] to illustrate the theory of Bloch-Floquet waves. Moreover, phononic
metamaterials designed with discrete structures have applications in fields including bridge
design [15], bones modelling and fluid-structure interaction in blood vessels. One of the most
appealing features of discrete elastic structures is the versatility of their unit cell topology
which allows novel mechanisms to control and tune the dispersive properties of elastic waves.
Recently, unit cells with geometrically chiral topologies have been extensively studied
(see e.g. [12, 6, 14, 95, 85, 84], among others). A geometric figure is said to be chiral if
“its image in a plane mirror, ideally realised, cannot be brought to coincide with itself” [91].
Typical examples are the hands which are either “left-handed” or “right-handed”. Indeed,
the etymological origin of the word “chiral” derives from the ancient Greek for hand: χει´ρ .
Brun et al. [12] introduced an analytical model for chiral elastic media, which takes into
account internal rotations induced by gyroscopes. These structured media act as polarisers
of elastic waves and also have very interesting dispersive properties in the context of the
Bloch-Floquet waves in multi-scale periodic solids possessing internal rotations. Further
studies of chiral structures have led to the exciting and novel results by Bigoni et al. [6],
Carta et al. [14] and Wang et al. [95]. Hexagonal chiral lattices were studied by Spadoni et
al. [85, 84]. Their numerical results highlighted the influence of chirality on the dynamic
anisotropy of elastic in-plane waves and on the auxetic behaviour of the structure under
static loads. The observation of dynamic chirality in structured elastic materials has been
reported by Süsstrunk and Huber [87]. In particular it has been demonstrated that left and
right propagating collective edge waves are not equivalent, i.e. the system is dynamically
chiral. The seminal experiment conducted in [87] led to the newly established research field
of “topological mechanics” which is the main focus of Huber [34].
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An elastic lattice with the inertia concentrated at the nodal points is a highly attractive
object for the study of Bloch-Floquet waves, as the dispersion equations can be expressed as
polynomials with respect to a spectral parameter. In this context, Martinsson and Movchan
[56] presented a unified analytical approach for studies of Bloch-Floquet waves in multi-scale
truss and frame structures, which included the design of lattices whose stop bands were
around pre-defined frequencies. In particular, low-frequency rotational waveforms were
identified in some of the standing waves at the boundaries of the stop bands in the spectrum.
The asymptotic analysis of eigenvalue problems for degenerate and non-degenerate
multi-structures was systematically presented in the monograph by Kozlov et al. [43], where
rotational modes were studied in the context of the asymptotic analysis of the eigenvalues
and corresponding eigenfunctions of multi-structures consisting of components of different
limit dimensions.
Dirac systems, i.e. lattices where the phononic, photonic or electronic dispersive proper-
ties are locally linear, have recently attracted considerable attention. The interest began with
the discovery of graphene [67], a 2D honeycomb lattice of carbon atoms, and the discovery
of a plethora of unusual physical phenomena occurring in it [16]. There are other physical
systems, such as phononic and photonic metamaterials, which exhibit linear dispersion at
a given point in the first Brillouin zone. The so-called “k0 · pˆ” method [101], where pˆ is a
differential operator proportional to the spatial gradient and k0 is a given Bloch-Floquet wave
vector, has been successfully used to grasp the leading order corrections to the dispersion
around k0 and at frequencies corresponding to the edges of band gaps in semiconductors
[101] and at Dirac points in semi-metals [16]. More recently, Craster et al. [24, 23] and
Colquitt et al. [21], developed high frequency homogenisation techniques, a mathematical
algorithm to derive partial differential equations for a long scale variable beyond the leading
order approximation underlying the “k0 · pˆ” method. High frequency homogenisation is
suitable to investigate resonance points of the locally hyperbolic or locally parabolic type,
as recently shown by Colquitt et al. [22]. Using the “k0 · pˆ” method applied to phononic
crystals, Mei et al. [60] identified two classes of Dirac systems, where one is characterised
by doubly-degenerate dispersion at the boundary of the first Brillouin zone and the other
is occurring at the centre of the first Brillouin zone as a result of triple-degeneracy. The
latter class is said to exhibit “Dirac-like" dispersion which happens because of “accidental
degeneracy”, i.e. the careful tuning of the eigenvalues of the system. The former class
is referred to as “Dirac” dispersion and it is associated with the symmetry of the lattice.
Examples of "Dirac points" and "Dirac-like points" are presented in chapter 4 of this thesis
for a triangular lattice containing tilted resonators. Dirac-like dispersion is investigated in
chapter 5 in the context of wave-defect interaction.
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Structure of the thesis. In chapter 1 we discuss the Maxwell and Newton equations
coupled by the piezoelectric tensor. We specialize to a very common type of anisotropy, i.e.
the 6mm symmetry class. We introduce the Bloch-Floquet quasi-periodicity conditions and
the dispersion diagrams for 1D discrete and continuous structures and 2D discrete lattices.
Some important mathematical quantities and their physical meaning, such as group velocity
and effective mass tensor, are reviewed. We present the dispersion diagrams for 1D periodic
piezoelectric laminates, for both in-plane and out-of-plane elasticity, using traction-free and
electrically insulating interfaces. Finally, we introduce the dynamic lattice Green’s function
for a simple 1D example.
In chapter 2 we derive the reflection and transmission coefficients at the interface between
two piezoelectric materials whose polarisation is parallel to the interface. We compare these
results with the well known Fresnel formulae [7]. We study the scattering problem of a
multi-layered piezoelectric structure by taking into account the contribution of both the
elastic and electromagnetic waves. This is done by the construction of a recurrence procedure
associated with the “multiple bouncing” of waves at every interface. A comparison is made
between the results of the scattered spectrum and the dispersion diagram predictions in
terms of band gaps. Special attention is paid to the cross-term component of the transmitted
spectrum, i.e. to the conversion of electromagnetic energy into elastic energy (and vice versa)
mediated by the piezoelectric coupling in multi-layered structures.
In chapter 3 our main focus is on a 2D checkerboard-like periodic structures containing
piezoelectric materials. The Bloch-Floquet problem of in-plane elasticity (plane strain)
is considered for piezoelectric materials where the polarisation is out-of-plane. The full
three-dimensional problem of elasticity is considered for a 2D checkerboard-like structure
where the polarisation vectors lie in-plane. The boundary conditions are similar to those used
for the 1D structure of chapter 2. The effect of the piezoelectric polarisation together with
its magnitude is related to the position of standing wave frequency and Dirac points in the
dispersion diagram. These results have been published in Tallarico et al. [89].
The 2D elastic discrete structure presented in chapter 4 is a vibrating triangular mass-truss
lattice whose unit cell contains a tilted resonator of triangular shape. We present and solve the
dispersion equation for elastic Bloch-Floquet waves and focus on the novel properties of the
dispersion diagram. Attention is given to the coupling of pressure and shear waves induced
by the presence of the rotational resonators. An oblique lattice containing two resonators per
unit cell is also investigated in chapter 4 and its dispersive properties are compared to those
of the triangular lattice possessing a single resonator.
In chapter 5, the dispersive properties of the triangular lattice containing tilted resonators
are used to design a structured interface which exhibits negative refraction and focussing,
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as in a “flat elastic lens”. In addition, a Dirac-like cone arising at k = 0 for a special set
of parameters is used to generate edge waves propagating along structured interfaces. We
also investigate the effect of a coating made of tilted resonators on finite 1D cracks. Finally,
we study the propagation of a 1D crack sandwiched between rows of tilted resonators in a
thermoelastic lattice.
In chapter 6 we present main conclusions and outline possible directions of future
research.

Chapter 1
Theory of wave propagation in periodic
composite structures
In section 1.1 we review several results concerning the propagation of elastic waves within
bulk piezoelectric materials belonging to the hexagonal symmetry class (6mm). We assume
that the spontaneous electric polarisation of such a material points along the z axis of a given
Cartesian coordinate system. Under this assumption the in-plane problem of elasticity, i.e.
the governing equations of the displacement components ux ≡ ux(x,y) and uy ≡ uy(x,y), fully
decouples from the out-of-plane problem which governs uz ≡ uz(x,y). We show that the
elastic in-plane governing equations are dynamically coupled with the electric field whilst
such a coupling disappears when considering the out-of-plane component of the displacement.
The theory of Bloch-Floquet waves in periodic composite structures in presented in section
1.2. The basic equations are given in the context of benchmark 1D monatomic and biatomic
discrete and continuous periodic structures (section 1.3) and 2D monatomic and biatomic
discrete periodic structures (section 1.4). In section 1.5 the theory is extended to the case of
layered 1D piezoelectric structures for both the out-of-plane and in-plane components of the
displacement field. Finally, in section 1.6 we study properties of the dynamic lattice Green’s
function for a 1D biatomic chain.
1.1 Governing equations of bulk piezoelectric materials
From classical electrodynamics and elasticity, the displacement and the electromagnetic
vector fields are described by the second Newton law and Maxwell equations, respectively.
The second Newton law in its stress-displacement form is
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Fig. 1.1 Illustration of the unit cell of
perovskite piezoelectric material. The
black circle and each of the red circles
represent two different cations. Each of
the blue circles denotes anions. The non-
centrosimmetry of the unit cell produces
a dipole moment per unit volume P (grey
vector). A Cartesian coordinate has been
chosen is such a way that P is oriented
along the z−axis.
y
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∂σxx
∂x
+
∂σyx
∂y
+
∂σzx
∂ z
= ρ
∂ 2ux
∂ t2
,
∂σxy
∂x
+
∂σyy
∂y
+
∂σzy
∂ z
= ρ
∂ 2uy
∂ t2
,
∂σxz
∂x
+
∂σyz
∂y
+
∂σzz
∂ z
= ρ
∂ 2uz
∂ t2
, (1.1)
where σi j, i, j = {x,y,z}, are the components of the stress tensor
σˆ =
σxx σxy σxzσyx σyy σyz
σzx σzy σzz
 , (1.2)
ρ is the uniform mass density, ui, i = {x,y,z}, denotes a component of the displacement
vector field u = (ux,uy,uz)
T and “T” denotes transposition. The electromagnetic field is
governed by the Maxwell equations
∇ ·D = 0, ∇ ·B = 0,
∇×E =−∂B
∂ t
, ∇×H = ∂D
∂ t
, (1.3)
where ∇(·) = (∂x,∂y,∂z)T = (∂/∂x,∂/∂y,∂/∂ z)T, D = (Dx,Dy,Dz)T and E = (Ex,Ey,Ez)T
are the electric displacement and electric field, B = (Bx,By,Bz)T and H = (Hx,Hy,Hz)T are
the magnetic induction and magnetic fields. The absence of free volume charge and current
densities is assumed in Eqs (1.3).
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Boundary conditions. At a plane interface between two dielectric media, denoted by the
subscripts 1 and 2, the interface conditions for the electromagnetic fields are [36]:
(D2−D1) ·n12 = ρs,
(B2−B1) ·n12 = 0,
n12× (E 2−E 1) = 0,
n12× (H 2−H 1) = js, (1.4)
where “×” denotes cross-product of two vectors, n12 is the vector normal to the interface
pointing from material 1 into material 2, ρs and js are surface free charge density and surface
free current density, respectively.
Perfect contact conditions are
u1 = u2, and (σˆ1− σˆ2)n12 = 0, (1.5)
where the first equation is the continuity of the displacement fields and the second equation
represents continuity of tractions.
Constituitive relations. According to the linear theory of piezoelectric phenomena (see
Chap. 8 of [3] ), Eqs (1.1) and (1.3) are coupled through the following stress-charge
constituitive relations:
σi j = ci jklskl− ei jkEk, Di = ei jks jk + εi jE j, (1.6)
where summation over repeated indices i, j,k, l = {x,y,z} is understood, skl = (∂kul+∂luk)/2
is the strain tensor and ∂i denotes a component of the gradient ∇, ci jkl is the stiffness tensor,
ei jk the piezoelectric tensor, and the dielectric permittivity matrix εi j. Since we are interested
in a non magnetic material the additional constituitive relation is
B = µH , (1.7)
where µ is the magnetic permeability of the vacuum.
A special class of piezoelectric material. In this thesis we study piezoelectric materials
belonging to the 6mm (hexagonal) symmetry class. Let us consider a Cartesian orthonormal
coordinates system {x,y,z}. Without loss of generality we can assume that the 6-fold axis
points along positive z. The electro-elastic constituitive tensors which appear in Eq. (1.6)
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can be written in the following matrix form [45]
cˆ =

c11 c12 c13 0 0 0
c12 c11 c13 0 0 0
c13 c13 c33 0 0 0
0 0 0 c44 0 0
0 0 0 0 c44 0
0 0 0 0 0 12(c11− c12)

, εˆ =
ε11 0 00 ε11 0
0 0 ε33
 ,
eˆ =
 0 0 0 0 e15 00 0 0 e15 0 0
e31 e31 e33 0 0 0
 . (1.8)
The components of the stiffness matrix (cˆ)IJ , I,J = {1,2,3,4,5,6} are the independent
components of the stiffness tensor (cˆ)IJ = ci jkl , where i j,kl = {xx,yy,zz,yz,xz,xy}. For
example c13 = cxxzz and c14 = cxxyz = 0. Similarly, the components of the piezoelectric
matrix (eˆ)iJ , with i = {1,2,3} and J = {1,2,3,4,5,6}, are the independent components
of the piezoelectric tensor (eˆ)iJ = ei jk, with i = {1,2,3} and jk = {11,22,33,23,13,12}.
Finally the components of the dielectric matrix are (εˆ)i j = εi j for i, j = {1,2,3}. The strain
and stress tensors can be represented by the six-dimensional vectors of their independent
components, namely
s = (s1,s2,s3,s4,s5,s6)T = (sxx,syy,szz,2syz,2sxz,2sxy)T and,
σ = (σ1,σ2,σ3,σ4,σ5,σ6)T = (σxx,σyy,σzz,σyz,σxz,σxy)T. (1.9)
The representation of the constituitive tensors in (1.8) and of the strain and stress tensors
(1.9) is also known as Voigt representation [3]. In the Voigt representation, the constituitive
equations (1.6) become
σ = cˆs− eˆTE and D = eˆs+ εˆE . (1.10)
The constituitive matrices (1.8) guarantee that the out-of-plane and in-plane problems of
elasticity are decoupled. As follows we discuss the governing equations of elastic out-of-
plane and in-plane problems. The problems are, in principle, coupled to the electromagnetic
fields via the constituitive equation (1.10). Our final aim is to study wave propagation in
piezoelectric structures with the assumption that the wave vector k lies in the xy plane, for
both out-of-plane and in-plane problems. The in-plane components of the vector fields belong
to the xy plane of Fig. 1.1. The out-of-plane components of the vector fields are parallel to
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the z-axis in Fig. 1.1. In the following, we assume
∂/∂ z(·) = 0, (1.11)
for every elastic and electromagnetic physical quantity.
1.1.1 Out-of-plane equations in piezoelectric bulk materials: shear elas-
tic and transverse magnetic waves
We focus here on a homogeneous piezoelectric material belonging to the 6mm symmetry
class whose constituitive relations are given in Eq. (1.10) and the constituitive tensors are
given in Eqs (1.8). We write the equations which involve uz, the out-of-plane component of
the displacement, where the z-axis is schematically shown in Fig. 1.1. The Newton equation
(1.1) relative to uz is
∂σxz
∂x
+
∂σyz
∂y
= ρ
d2uz
dt2
. (1.12)
The Maxwell equations (1.3) for the in-plane components of the electric field and electric
displacement, and for the out-of-plane component of the magnetic field are
∂Ey
∂x
− ∂Ex
∂y
=−µ ∂Hz
∂ t
,
∂Hz
∂y
=
∂Dx
∂ t
,
∂Hz
∂x
=−∂Dy
∂ t
. (1.13)
The remaining Maxwell and Newton equations will be considered in subsection 1.1.2. From
(1.10), the constituitive equations involving the physical quantities which appear in Eqs
(1.12) and (1.13) are
σxz = c44
∂uz
∂x
− e15Ex, σyz = c44∂uz∂y − e15Ey,
Dx = e15
∂uz
∂x
+ ε11Ex, Dy = e15
∂uz
∂y
+ ε11Ey. (1.14)
The substitution of the first row of equations (1.14) into (1.12) yields
c44∇2uz− e15∇ ·E = ρ ∂
2uz
∂ t2
. (1.15)
Considering the second row of constituitive equations in (1.14), together with the first of
Maxwell equations (1.3), we get
∇ ·E =−e15
ε11
∇2uz, (1.16)
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where ∇2 = ∂ 2/∂x2 + ∂ 2/∂y2 + ∂ 2/∂ z2. The substitution of Eq. (1.16) into Eq. (1.15)
yields
G ∇2uz−ρ ∂
2uz
∂ t2
= 0, with G = c44+
e215
ε11
. (1.17)
We consider now the last two Maxwell equations (1.13). We take the derivative of the first
one with respect to x and of the second one with respect to y and sum term by term the
resulting equations. The result is
∇2Hz =
∂
∂ t
(
∂Dx
∂y
− ∂Dy
∂x
)
. (1.18)
In the right hand side of (1.18), we use the second row of the constituitive relations (1.14).
After using the first equation (1.13), we get
∇2Hz− ε11µ ∂
2Hz
∂ t2
= 0. (1.19)
Eqs (1.17) and (1.19) show that Hz and uz are decoupled. The magnetic field propagates at the
speed of light in the material and the displacement field propagates at piezoelectric-stiffened
velocity (see e.g. [70]). Explicit expressions for the two speeds are
c =
1√ε11µ and v =
√
G
ρ
, (1.20)
where G has been given in Eq. (1.17).
1.1.2 In-plane equations in piezoelectric bulk materials: vector elastic-
ity and transverse electric waves
The in-plane displacements ux and uy are coupled with the out-of-plane electric field Ez and
with the in-plane magnetic field components Hx and Hy. When the displacement field is in
the xy-plane, the Newton equations (1.1) become
∂σxx
∂x
+
∂σxy
∂y
= ρ
∂ 2ux
∂ t2
,
∂σxy
∂x
+
∂σyy
∂y
= ρ
∂ 2uy
∂ t2
. (1.21)
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The constituitive equations for the stress tensor components which appear in Eq. (1.21) are
σxx = c11
∂
∂x
ux+c12
∂
∂y
uy− e13Ez, σyy = c11 ∂∂yuy+ c12
∂
∂x
ux− e13Ez,
σxy =
c11− c12
2
(
∂
∂y
ux+
∂
∂x
uy
)
, (1.22)
The substitution of Eqs (1.22) in (1.21) yields(
c11 ∂
2
∂x2 + c−
∂ 2
∂y2 c+
∂ 2
∂x∂y
c+ ∂
2
∂x∂y c11
∂ 2
∂y2 + c−
∂ 2
∂x2
)(
ux
uy
)
−ρ ∂
2
∂ t2
(
ux
uy
)
= e13
(
∂xEz
∂yEz
)
, (1.23)
where we have introduced c± = (c11±c12)/2. Note that Eq. (1.23) is symmetric with respect
the x and y axis. After taking the curl of the third Maxwell equation in (1.3), and using the
fourth Maxwell equation in (1.3) with the constituitive relation
Dz = e13
(
∂
∂x
ux+
∂
∂y
uy
)
+ ε33Ez, (1.24)
the wave equation for the out-of-plane electric field becomes
∇2Ez−µε33 ∂ 2t Ez = µe13
∂ 2
∂ t2
(
∂
∂x
ux+
∂
∂y
uy
)
. (1.25)
Eqs (1.23) and (1.25) are a system of coupled partial differential equations for the in-plane
problem of elasticity and the out-of-plane component of the electric field in a z−polarised
bulk piezoelectric material.
Effect of coupling in the bulk. We consider here the propagation of time-harmonic plane
waves along the x-axis of the crystal (i.e. ∂/∂x(·)= ikx and ∂/∂ t(·)=−iω). This assumption
makes the problem y-independent. Therefore, ∂/∂y(·) = 0 in Eqs (1.23) and (1.25). The
Newton equation (1.23) becomes(
−c11k2x 0
0 −c−k2x
)(
ux
uy
)
+ρω2
(
ux
uy
)
= ikxe13
(
Ez
0
)
, (1.26)
and the Maxwell equation (1.25) yields
− k2xEz+µε33 ω2Ez =−ikxω2µe13ux. (1.27)
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By substituting Ez obtained from Eq. (1.27) into Eq. (1.26) we get an homogeneous matrix
equation for (ux,uy) which has non-trivial solutions if its determinant is zero, that is for ω
such that (
ρ
ω2
k2x
− c11
)(
µε33
ω2
k2x
−1
)
= µe231
ω2
k2x
or ω2ρ− k2c− = 0. (1.28)
The first Eq. (1.28) describes coupled dispersion of waves: a quasi-elastic (in-plane) wave
and one quasi-electromagnetic (out-of-plane) wave. The second equation is the dispersion
equation for an in-plane elastic wave. The prefix “quasi-" stems from the fact that, in the
limit e31 = 0, the dispersion equations reduce to a purely electromagnetic and a purely elastic,
with phase velocities being (µε11)−1/2 and (c11/ρ)1/2, respectively. For a non-zero e31, the
quasi-acoustic and quasi-electromagnetic phase velocities differ from the aforementioned
phase velocities.
1.2 Bloch-Floquet waves
For illustrative purpose, let us begin our discussion with an example in one spatial dimension
x. A scalar function f (x) is said to be quasi-periodic of period β if
f (x+β ) = eik0β f (x), (1.29)
where k0 is the 1D Bloch parameter. The condition in Eq. (1.29) is known as “Floquet quasi-
periodicity condition" among researchers in classical physics interested in elastic and/or
electromagnetic periodic structures; researchers with a solid-state physics background may
recognise it as “Bloch quasi-periodicity condition". In this thesis, we refer to Eq. (1.29) as
Bloch-Floquet quasi-periodicity condition. The Bloch-Floquet quasi-periodicity condition
is essential in the study of linear non-dissipative periodic structures governed by several
physical equations, spanning from discrete and continuum elasticity to electromagnetism
and quantum mechanics. It allows the complete description of a periodic physical system
using information only about its unit cell. In two spatial dimensions identified by the vector
of coordinates r = (x,y)T, a quasi-periodic vector function f satisfies quasi-periodicity
conditions
f (r+ t (n)) = eik·t
(n)
f (r), (1.30)
where
t (n) = n1t 1+n2t 2, n = (n1,n2)T ∈ Z2, (1.31)
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Fig. 1.2 Bravais lattices in two dimensions whose nodal points are represented by black dots. Panel
(a) is the oblique lattice. Panel (b) encloses rectangular (upper part) and centred rectangular (lower
part). Panel (c) and (d) are triangular (hexagonal) and square lattices, respectively. The thick arrows
represent a choice of the lattice vectors t 1 and t 2 which together with thin segments delimit choices of
the unit cells of the lattices.
is a position vectors identifying the n unit cell of the so-called Bravais lattice (also known as
direct lattice). The vectors t 1 and t 2 in (1.31) are the lattice translation vectors. In Eq. (1.30)
we introduced the 2D Bloch vector k = (kx,ky)T. Linear waves which satisfy Bloch-Floquet
quasi-periodicity conditions (such as the functions in Eqs (1.29) and (1.30)) are referred to
as Bloch-Floquet waves.
1.2.1 Bravais lattice
In two spatial dimensions, five types of Bravais lattices can be identified (see e.g. [40],
chapter 1). A graphical representation of the 2D Bravais lattices is provided in Fig. 1.2. The
2D Bravais lattices are the oblique (panel (a)), rectangular (panel (b), upper part), centred
rectangular (panel (b), lower part), triangular (also known as hexagonal in panel (c)) and
square (panel (d)). A unit cell of minimal area is called “primitive cell”. Possible choices
of the unit cell are represented in Fig. 1.2 by the parallelograms formed by the lattice
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translation vectors t 1 and t 2 and the thin lines. Another example of minimal area unit cell
is the “Wigner-Seitz unit cell”. Given a nodal point t (m), where m is a pair of integers, the
Wigner-Seitz unit cell is the locus of points which are closer to t (m) than to any other nodal
point.
1.2.2 Reciprocal lattice
Let us consider Eq. (1.30) and expand the functions of r on the left-hand and right-hand side
of the equality in Fourier series. The results are, respectively
f (r+ t (n)) = ∑
m∈Z2
f˜ (m)eiG
(m)·(r+t (n)), and f (r) = ∑
m∈Z2
f˜ (m)eiG
(m)·r , (1.32)
where
G(m) = m1G1+m2G2, m = (m1,m2)T ∈ Z2. (1.33)
In order for the quasi-periodicity condition (1.30) to hold for every k, the condition
Gi · t j = 2πδi j, i, j = {1,2}, (1.34)
needs to be satisfied, where δi j is a Kronecker delta. The vectors G1 and G2 in Eq. (1.34)
are translation vectors for a Bravais lattice in two dimensions called reciprocal lattice. The
Wigner-Seitz cell (see section (1.2.1)) for the reciprocal lattice is known as first Brillouin
zone. The first Brillouin zone encloses all the Bloch vectors k which satisfy Eq. (1.30).
Bloch vectors outside this minimal area region can be remapped in the first Brillouin zone
via a translation vector G as in Eq. (1.33).
1.2.3 Group velocity
Time-harmonic linear problems in physics can be mathematically represented as systems
of linear elliptic partial differential equations (PDEs). In the absence of external forces the
system of PDEs is homogeneous. For high-contrast media, the governing equations simplify
to linear algebraic equations coupling the displacements of the nodal points of the lattice. In
a periodic medium, both discrete and continuum, quasi-periodicity conditions (1.30) hold,
together with the boundary conditions required by a specific problem.
The solution of the time-harmonic Bloch-Floquet problem identifies the Bloch-Floquet
frequencies ω(k), for which waves can propagate through the structure. The group velocity
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for a Bloch-Floquet wave is
vg =
(
∂ω(k)/∂kx
∂ω(k)/∂ky
)
, (1.35)
where ω(k) is a permissible frequency. In general, Bloch-Floquet waves are dispersive so
that their group velocity depends on the frequency ω . The group velocity identifies the
direction of propagation of energy and therefore it gives useful insight into the dynamic
properties of periodic media. In one dimension, the gradient in Eq. (1.35) is replaced by
d/dk(·). Graphically, the group velocity in Eq. (1.35) is parallel to the normal directions to
the slowness contours1. I
(a)
(b)
β/2−β/2
−b/2 b/2
y
x
m1
u1,n
m2
u2,n u1,n+1u2,n−1
Fig. 1.3 Schematic representation of a biatomic chain (panel (a)) and of a layered periodic material
(panel (b)) whose unit cells are delimited by the vertical dashed lines x =±β/2. The white layers
have width a = (β − b)/2 and the grey layers have width a = b/2. They correspond to different
materials. The unit cell of the biatomic chain contains two masses, m1 (white circles) and m2 (grey
circles). The masses are linked one another by trusses of stiffness C.
1.3 One-dimensional composite structures
Let us consider a 1D chain of equidistant masses m1 and m2 as the one shown in Fig. 1.3(a).
The masses are linked by massless springs of longitudinal stiffness C and infinite bending
stiffness, so that the motion is confined to one dimension. The unit cell of the biatomic chain
has width β and contains two masses. In this sense the chain represents the simplest example
of a micro-structured material. Considering the unit cell n ∈ Z, the equations of motion for
1 The slowness contour for the Bloch-Floquet frequencyω(k) is the locus of points k such thatω(k) = const.
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the displacements u1,n and u2,n are
−Ωm1u1,n =C(u2,n+u2,n−1−2u1,n),
−Ωm2u2,n =C(u1,n+u1,n+1−2u2,n), (1.36)
where Ω= ω2.
Discrete periodic biatomic chain. We are interested in the propagation of Bloch-Floquet
waves. Similarly to Eq. (1.30), the Bloch-Floquet condition for the displacements in Eq.
(1.36) are
ui,n+1 = eik0βui,n, i = {1,2}, (1.37)
where k0 is the 1D Bloch parameter
k0 ∈ [−πβ ,
π
β
], (1.38)
and the interval [−π/β ,π/β ] represents the first Brillouin zone in one dimension, as it
follows from the considerations in section 1.2.2. Substituting Eq. (1.37) into (1.36) gives
−m1Ωu1,n =C(u2,n+u2,ne−iβk0 −2u1,n),
−m2Ωu2,n =C(u1,n+u1,neiβk0 −2u2,n). (1.39)
We emphasise that the problem (1.39) is formulated within a single cell n, the cell index
n being therefore superfluous. Non-trivial solutions u1 = u1,n and u2 = u2,n in Eq. (1.39)
correspond to the values of k0 and Ω for which the determinant of the associated matrix
equation is equal to zero, i.e.
m1m2
C2
Ω2−2(m1+m2)
C
Ω+2(1− cos(k0β )) = 0. (1.40)
For every k0 as in Eq. (1.38), Eq. (1.40) has two solutions, where the lower one in
frequency is the acoustic branch and the higher in frequency is called the optical branch [40].
Approximate solutions of Eq. (1.40) to leading order in k0 → 0 are [40]
Ωo ≈ 2C
(
1
m1
+
1
m2
)
for the optical branch,
Ωa ≈ 12
C
m1+m2
k20β
2 for the acoustic branch. (1.41)
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Fig. 1.4 The figure
shows the dispersion
curves (optical and
acoustic modes) for a bi-
atomic 1D lattice whose
dispersion equation is
(1.40). The parameters
are C = 10, m1 = 1,
m2 = 2 and the lattice
spacing β = 1.
√
Ω−
√
Ω+
√
Ωo
√
Ωa
Without loss of generality we can assume m2 > m1. At k0 = π/2 the solutions of Eq. (1.40)
take the form
Ω+ =
2C
m1
and Ω− =
2C
m2
. (1.42)
Fig. 1.4 shows the optical and acoustic branches for a biatomic chain obtained from Eq.
(1.40). The parameters are m1 = 1, m2 = 2 and C = 10. The lattice spacing is β = 1. Fig.
1.4 illustrates that as k0 → 0, Ω(k0) tends to the acoustic and optical asymptotic limits in
Eq. (1.41). Moreover, since m1 ̸= m2, with m2 > m1, a complete band gap appears at the
Brillouin zone edge k0 = π/β . From Eq. (1.42), the frequency width of the band gap is
∆ωG =
√
2
C
(
1√
m1
− 1√
m2
)
. (1.43)
Layered periodic medium made of isotropic materials. We consider the propagation of
time-harmonic out-of-plane elastic waves through a periodic layered medium whose layers
are made of homogeneous isotropic materials. Fig. 1.3(b) shows the layered medium. The
displacement fields in the medium are governed by the following equation:
µ j∇2U j(n)+ρ jΩU
(n)
j = 0, x ∈ X (n)j , with j = 1,2, and y ∈ (−∞,∞), (1.44)
where we do not invoke summation over repeated indices, X (n)1 = (−β −b/2+nβ ,−b/2+
nβ ), X (n)2 = (−b/2+nβ ,b/2+nβ ), with n an integer, β the period of the structure and b
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the width of grey layers. The coefficient µi and ρi are the shear modulus and the mass density
of the X (n)i layer. Consider a time-harmonic wave for which the displacement amplitude has
the form
U (n)j (x,y) = u
(n)
j (x)e
ikyy. (1.45)
The substitution of Eq. (1.45) into Eq. (1.44) leads to
d2
dx2
(
u(n)j
)
+κ2j u
(n)
j = 0, x ∈ X (n)j , and κ j =
(
ω2
v2s, j
− k2y
)1/2
, with j = 1,2, (1.46)
where vs, j =
√
µ j/ρ j, j = {1,2}, is the shear wave speed in material ( j). With reference
to the unit cell in Fig. 1.3(b) and the unit cell represented therein, the Bloch-Floquet
quasi-periodicity conditions are
u(2)1 (x−β/2) = eik0βu(1)1 (x+β/2) and
d
dx
u(2)1 (x−β/2) = eik0β
d
dx
u(1)1 (x+β/2). (1.47)
The continuity of displacements and tractions at the interfaces x =±b/2 are
u(1)1 (x)
∣∣∣
x=−b−/2
= u(1)2 (x)
∣∣∣
x=−b+/2
, u(1)2 (x)
∣∣∣
x=b−/2
= u(2)1 (x)
∣∣∣
x=b+/2
,
and µ1
d
dx
u(1)1 (x)
∣∣∣∣
x=−b−/2
= µ2
d
dx
u(1)2 (x)
∣∣∣∣
x=−b+/2
,
µ2
d
dx
u(1)2 (x)
∣∣∣
x=b−/2
= µ1
d
dx
u(2)1 (x)
∣∣∣∣
x=b+/2
, (1.48)
respectively, where the superscripts “+” and “-” denote limits from right and from left of the
interface.
The general solution of Eq. (1.46) is
u(n)j = A
(n)
j e
iκ jx+B(n)j e
−iκ jx, x ∈ X (n)j , with j = 1,2, (1.49)
where A(n)j , B
(n)
j , j = 1,2, are constant coefficients over the strip X
(n)
j , j = {1,2}. By
substituting the Ansatz (1.49) in the Bloch-Floquet conditions (1.47) and in the boundary
conditions (1.48), we obtain a linear system of six equations for six coefficients. The
solvability condition of this system requires the
4cos(k0β )κ1κ2µ1µ2 =
[
(κ1µ1+κ2µ2)2cos(aκ1+bκ2)
− (κ1µ1−κ2µ2)2cos(aκ1−bκ2)
]
, (1.50)
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Fig. 1.5 The blue dashed lines are the first two dispersion curves for a layered periodic 1D structure
obtained using the dispersion equation (1.50). The figure corresponds to ky = 0. The parameters are
µ1 = 2 and µ2 = 10−3µ1, a = b = 0.5 and ρ1 = ρ2 = 1. As ω → 0 the dispersion tends to the one of
an “equivalent monatomic chain” (red continuous line) with mass-to-stiffness ratio (1.57).
where a = (β − b)/2. We observe that the dispersion equation (1.50) is symmetric under
simultaneous exchange of the triplets (a,κ1,µ1) and (b,κ2,µ2). When a = b, the equation
is symmetric under exchange of materials, i.e. under exchange of the pairs (κ1,µ1) and
(κ2,µ2). Moreover, Eq. (1.50) can be reduced to Eq. (39) in Ref. [70]. We emphasise that
Bloch-Floquet quasi-periodicity conditions have allowed us to formulate the problem within
the unit cell instead of considering an infinite set of layers X (n)i .
Asymptotically equivalent model problem. Let us assume that Bloch-Floquet waves,
as those in Eq. (1.49), propagate along the x− axis in Fig. 1.3(b), i.e. κi = ω/vs,i. We
assume that the layered medium in Fig. 1.3(b) is made of materials with high-contrast
stiffness (µ1/µ2 = ξ ≪ 1), equal densities (ρ1 = ρ2 = ρ) and equal thickness of the layers
(a = b = β/2). Under these assumptions, using the identities vs,1 =
√
ξvs,2 and κ2 =
√
ξκ1,
Eq. (1.50) becomes
4
√
ξ cos(k0β ) = (1+
√
ξ )2 cos(aκ1(1+
√
ξ ))− (1−
√
ξ )2 cos(aκ1(1−
√
ξ )). (1.51)
We assume that the thickness a of the layers is small compared to the wavelength, i.e.
κ1a≪ 1 =⇒ ω ≪ vs,1a . (1.52)
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Therefore, after the expansion of the trigonometric functions on the right hand-side, Eq.
(1.51) can be recast in the following form
4
√
ξ cos(k0β )≈ (1+
√
ξ )2− (1−
√
ξ )2
− ((1+
√
ξ )4− (1−
√
ξ )4)
(aκ1)2
2
+((1+
√
ξ )6− (1−
√
ξ )6)
(aκ1)4
24
.
(1.53)
To the leading order in ξ , from Eq. (1.53), we get
p1Ω2− p2Ω+2(1− cos(k0β )) = 0, (1.54)
with the coefficient of the polynomial equation (1.54) given by
p1 =
a4
4
ρ2
µ21
and p2 = 2a2
ρ
µ1
. (1.55)
We observe that (1.54) has the same form as the dispersion equation (1.40). With reference
to Eq. (1.40), we introduce the notation
p˜1 =
m1m2
C2
and p˜2 = 2
m1+m2
C
, (1.56)
where m1 and m2 are the masses , and C is the stiffness of the links. With reference to the
relations in (1.55) and (1.56)
p1 = p˜1, p2 = p˜2 ⇐⇒ m1C =
m2
C
=
p2
4
± 1
2
√
p22
4
−4p1 = p24 , (1.57)
where the last equality follows from the expressions (1.55). Eq. (1.57) implies that, when
a = b, µ1/µ2 ≪ 1 and asymptotic condition (1.52) holds, a continuous layered medium can
be approximated by a monatomic chain whose mass-to-stiffness ratio is given by Eq. (1.57).
This fact is further illustrated in Fig. 1.5. In Movchan et al. [65], a uniform approximation
was found over the frequency range corresponding to the two lowest dispersion curves. The
approximation is in term biatomic lattice parameter m1 and m2, the masses of a biatomic chain.
Their result assumes that a is the small parameter in Eq. (1.52) (instead of the frequency ω
assumed here) and the resulting equivalent masses are m1 ̸= m2, thus reproducing the band
gap of the layered structure.
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Fig. 1.6 The panels show the dispersion curves of a layered periodic structure obtained solving Eq.
(1.50) at normal incidence (panel (a)) and for ky = 1/β (panel (b)). The other parameters are µ1 = 1,
µ2 = 3, ρ1 = ρ2 = 1, a = β/2 = 1/2.
A zero-frequency band gap. We observe that the parameters κi, i = {1,2}, introduced in
Eq. (1.49) are either real or imaginary depending on the frequency ω . When
min(κ21 ,κ
2
2 )< 0, (1.58)
the function in Eq. (1.49) has exponentially localised form. More specifically, if the condition
(1.58) holds then Eq. (1.50) is not satisfied for any real Bloch parameter k0. Therefore,
assuming vs,2 > vs,1, Eq. (1.58) implies that the interval
0< ω < vs,2ky, (1.59)
is a complete stop band for the periodic layered medium. Since the interval (1.59) has ω = 0
as lower bound, it is denoted as “zero-frequency band gap”.
Dispersion diagram. We illustrate here the dispersion diagram of a layered periodic
structure where only shear elastic waves can propagate. Fig. 1.6(a) shows the dispersion
curves of a layered periodic structure obtained by solving Eq. (1.50) with ky = 0. Fig. 1.6(b)
shows the dispersion curves of a layered periodic structure obtained solving Eq. (1.50) with
ky = 1/β . The other parameters are µ1 = 1, µ2 = 3, ρ1 = ρ2 = 1, a = β/2 = 1/2 in both
parts of the figure. We observe that Eq. (1.50) gives an infinite spectrum of frequencies
for every value of the Bloch parameter k0. In Figs (1.6)(a) and (1.6)(a) we show the first
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two branches and the beginning of the third one. A zero-frequency band gap appears in Fig.
1.6(b), consistently with the prediction (1.59). In 1.6(a) the band gap disappears at ky = 0.
1.4 Two-dimensional composite structures
Discrete lattice structures are particularly attractive because their dispersion equation is
polynomial in ω , in contrast with the transcendental Eq. (1.50). The main focus of this
section is to elucidate some general facts for 2D discrete lattices, with special focus on
triangular and oblique lattices both monatomic and biatomic.
    
t 1
t 2
(a) (b)
Fig. 1.7 Schematic representations of the monatomic triangular lattice (panel (a)) and its first
Brillouin zone (panel (b)).
1.4.1 Triangular lattice
A schematic representation of the monatomic triangular lattice is shown in Fig. 1.7(a).
Primitive vectors t 1 and t 2 are also shown, their expression being
t 1 =
(
1
0
)
L and t 2 =
(
1√
3
)
L
2
, (1.60)
where L is the lattice spacing. It is convenient to introduce an auxiliary vector t 3 = t 1− t 2.
The translation vectors for the reciprocal lattice follow from Eq. (1.34) and are
G1 =
2π
L
(
1
−1/√3
)
and G2 =
2π
L
(
0
2/
√
3
)
. (1.61)
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The first Brillouin zone associated with the lattice vectors (1.61) is shown in Fig. 1.7(b),
together with the high symmetry points
Γ=
(
0
0
)
, M =
2π√
3L
(
1/
√
3
1
)
and X =
2π√
3L
(
0
1
)
. (1.62)
Unless otherwise stated, dispersion surfaces for triangular lattices are presented as a function
of the Bloch vector k such that
k =
(
kx
ky
)
∈
[
−4π
3L
,
4π
3L
]2
. (1.63)
The square region defined by Eq. (1.63) encloses the first Brillouin zone shown in Fig. 1.7(b).
Monatomic triangular lattice. We assume that the yellow semi-transparent area in Fig.
1.7(a) is the n unit cell, with n ∈ Z2, its nodal point n being the bottom-left circle. The
Newton equations for the time-harmonic linear elastic displacement u(n) of the nodal point n
is
−mTLΩu(n) = cℓτˆ1
(
u(n+p1)+u(n−p1)−2u(n)
)
+ cℓτˆ2
(
u(n+p2)+u(n−p2)−2u(n)
)
,
+ cℓτˆ3
(
u(n+p1+p2)+u(n−p1−p2)−2u(n)
)
, (1.64)
where we introduce p1 = (1,0)
T and p2 = (0,1)
T and mTL is the mass of the nodal points.
The rank-two tensors τˆi in (1.64), with i= {1,2,3}, are projectors over the directions pointing
the nearest neighbours from a given lattice nodal point, i.e.
τˆ1 =
1
L2
t 1⊗ t 1 =
(
1 0
0 0
)
, τˆ2 =
1
L2
t 2⊗ t 2 = 14
(
1
√
3√
3 1
)
,
and τˆ3 =
1
L2
(t 1− t 2)⊗ (t 1− t 2) = 14
(
1 −√3
−√3 1
)
, (1.65)
where v ⊗ w denotes the dyadic product of two vector, v and w . The Bloch-Floquet
condition for the time-harmonic displacement u(n) is
u(n+m) = ei(m1t 1·k+m2t 2·k)u(n), (1.66)
where m = (m1,m2)T ∈ Z2, t 1 and t 2 are given in Eq. (1.60) and k is the Bloch vector
belonging to the first Brillouin zone in Fig. (1.7)(b). The substitution of (1.66) into (1.64)
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yields
−mTLΩu(n) = 2cℓ
3
∑
i=1
(cos(k · t i)−1)τˆiu(n). (1.67)
Bloch-Floquet conditions have allowed us to reformulate the problem (1.64), where nearest-
neighbours nodal points are involved, into the problem (1.67), where only the displacement
u(n) appears. Non trivial solutions of Eq. (1.67) can be obtained if and only if
det
(
Σˆ(TL)k −mTLΩIˆ2
)
= 0, with Σˆ(TL)k =−
3
∑
i=1
2cℓ(cos(k · t i)−1)τˆi, (1.68)
where ω =Ω2, τˆi and t i, i = 1,2,3, are given in Eqs (1.60) and (1.65), respectively, and mTL
is the mass at the nodal points. The matrix Iˆ2 is the 2×2 identity matrix. The roots of (1.68)
in units L = 1 are
mTLΩ2±(k) = cℓ(coskx+2cos(kx/2)cos(
√
3ky/2)±
√
C(k)−3),
C(k) = cos2(kx/2)cos2(
√
3ky/2)+3sin2(kx/2)sin2(
√
3ky/2)
+ cos2(kx)−2cos(kx)cos(kx/2)cos(
√
3ky/2). (1.69)
The Bloch frequencies (1.69) correspond to “shear dominated” (Ω+(k)) and “pressure
dominated” (Ω−(k)) Bloch eigenmodes u(n). This terminology is reminiscent of the low-
frequency long-wavelength isotropic behaviour of the dispersion surfaces whose constant
effective group velocities are [56]
vp =
√
3vs and vs =
1
2
√
3
2
L
√
cℓ
m
, (1.70)
where vp and vs are the pressure and shear velocity, respectively.
Fig. 1.8(a) shows the Bloch frequencies (1.69) as a function of the Bloch vector (1.63).
Fig. 1.8(b) shows the slowness contours obtained from panel (a) at ω = 1 (red solid curve)
and ω = 0.5 (blue dashed curve). For ω → 0 and |k| → 0, the Bloch frequency for pressure
(shear) elastic waves is
ω(k)≈ vp |k| and ω(k)≈ vs |k|, (1.71)
where |v| denotes the norm of a vector v, and the vp and vs are the pressure and shear group
velocities introduced in Eq. (1.70). This is illustrated in Fig. 1.8(b) where the dashed blue
curves are in fact isotropic and in good agreement with (1.71). At higher frequency (see
e.g. the red curves in Fig. 1.8(b)) the approximations (1.71) for the Bloch frequencies no
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Fig. 1.8 Panel (a) shows the Bloch frequencies of a monatomic triangular lattice (see Eq. (1.69) )
as a function of the Bloch vector (1.63). We use cℓ = 1 and mTL = 1. Panel (b) shows the slowness
contours obtained from panel (a) at ω = 1 (red solid curve) and ω = 0.5 (blue dashed curve).
longer apply and dynamic anisotropy dominates wave propagation, i.e. waves propagating in
different directions experience different group velocity. This is illustrated by the hexagon-
like solid red curves corresponding to the shear-dominated mode at ω = 1. The dynamic
anisotropy for the monatomic triangular lattice has been quantified and used earlier in [19,
20], in focusing applications. All these facts will be further illustrated in the context of
chapter 4.
  
Fig. 1.9 Schematic representation of
a structured triangular lattice. The
unit cell (yellow semitransparent area)
contains a point resonator of mass mb
(white disks). Point masses ma are as-
sumed at the triangular lattice nodal
points (black disks). Thin and thick
lines represent massless trusses of stiff-
ness cℓ and cℓo, respectively.t 1
t 2 cℓo
cℓ
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A structured triangular lattice with a point mass resonator. In this section, we study a
monatomic structured triangular lattice whose unit cell contains a point resonator (see Fig.
1.9). The triangular lattice nodal points (black circles in Fig. 1.9 ) have mass ma, and the
point-wise resonator has mass mb (white circles in Fig. 1.9). The nodal points are connected
one another by massless trusses of stiffness cℓ. Moreover, the resonator enclosed in the unit
cell (yellow-highlighted region in Fig. 1.9) is located at
r˜cm =
(
1
1/
√
3
)
L
2
, (1.72)
with respect to the nodal point at the bottom-left corner of the unit cell. The resonators are
linked to the triangular lattice nodal points by trusses of stiffness cℓo. The dispersion equation
for the structured triangular lattice in Fig. 1.9 is
det
(
Σˆ(STL)k −ω2Mˆ (STL)
)
= 0, (1.73)
where
Mˆ (STL) = diag(ma,ma,mb,mb), (1.74)
and the superscript “(STL)" stands for “Structured Triangular Lattice". The stiffness matrix
is
Σˆ(STL)k =
(
Σˆaa(k) Σˆab(k)
Σˆba(k) Σˆbb
)
, (1.75)
where
Σˆaa(k) =−
(
4cℓC2x−3cℓo/2−5cℓ+ cℓCxCy −
√
3cℓSxSy
−√3cℓSxSy 3cℓCxCy−3cℓo/2−3cℓ
)
,
Σˆbb =
3
2
cℓoIˆ2, and Σˆab(k) = Σˆ†ba(k) =
=−cℓo
2
exp(−iLkx/2)
(
3Cx i
√
3 Sx
i
√
3 Sx Cx+2exp(i
√
3Lky/2)
)
, (1.76)
and
Cx = cos(Lkx/2), Cy = cos(
√
3Lky/2), Sx = sin(Lkx/2) and Sy = sin(
√
3ky/2). (1.77)
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Equation (1.73) can be further simplified using the block partition of the stiffness matrix
introduced in Eq. (1.76). The results is
(
ω2−ω2b
)2
det
(
Iˆ2ω2− 1ma Σˆaa(k)
)
=
1
mamb
∣∣det(Σˆba(k))∣∣2, (1.78)
where
ω2b =
3
2
cℓo
mb
, (1.79)
is the natural frequency for a single point resonator.
Fig. 1.10 Dispersion surfaces for a triangular lattice with a point resonator, corresponding to the
solution of Eq. (1.73) with L = 1, cℓo = 1,cℓ = 1, ma = 1 and mb = 2.
Frequency band gap. Eq. (1.78) is never satisfied when ω =ωb, which corresponds to the
frequency of oscillation of a single resonator per unit cell. Physically, it implies that around
ω = ωb a band gap is expected. Moreover, in writing Eq. (1.78) we implicitly assumed that
det
(
ω2Iˆ2− 1ma Σˆaa(k)
)
̸= 0. (1.80)
Fig. 1.10 shows the Bloch-Floquet frequency dispersion surface for a triangular lattice
containing a single point-wise resonator. The results are obtained by solving Eq. (1.73) with
L = 1, cℓo = 1,cℓ = 1, ma = 1 and mb = 2. We emphasise that a complete band gap occurs
in the neighbourhood of the natural frequency ωb for the single resonator (see Eq. (1.78)).
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Differently from the dispersive properties of a monatomic triangular lattice (see e.g. Fig.
1.8(a)), we observe that the dispersion surfaces in Fig. 1.10 are four, consistently with the
number of degrees of freedom of the structured unit cell in Fig. 1.9. The two lower and two
upper surfaces are known as acoustic and optical branches, respectively.
1.4.2 Oblique lattice
In this section, we analyse a special “Oblique Lattice” (OL) which can be obtained from the
triangular lattice in Fig. 1.7(a) by replacing a constant mass m with the masses m1 and m2. A
schematic representation of the oblique lattice considered here is given in Fig. 1.11(a). We
show two possible unit cells for the lattice: one is highlighted in yellow and delimited by the
translation vectors
t˜ 1 = 2t 1 and t˜ 2 = t 2, (1.81)
where t i, i = {1,2}, are given in Eq. (1.60). The second one is highlighted in orange and is
delimited by the translation vectors
t∗1 = 2t 1− t 2 and t∗2 = t 2. (1.82)
We assign the mass m1 (black circles) to the nodes t˜
(n)
b = n1t˜ 1+n2t˜ 2, and m2 (white circles) to
the nodes t˜ (n)w = t 1+n1t˜ 1+n2t˜ 2, where n =(n1,n2)
T ∈Z2. Equivalently, nodal points located
at t∗b
(n) = n1t∗1+n2t
∗
2 and t
∗
w
(n) = t 1+n1t∗1+n2t
∗
2, have masses m1 and m2, respectively.
  
t˜ 1
t˜ 2
t∗1
t∗2
m1
m2
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Fig. 1.11 Schematic representations of a biatomic lattice (panel (a)) and its first Brillouin zone
(orange semitransparent region in panel (b)). In panel (b) the first Brillouin zone for a triangular
lattice (hexagon) is also shown for comparison.
Equations of motion. In a given cell n, e.g. the yellow region in Fig. 1.11(a), the linear
elastic time-harmonic displacement u˜(n)1 of the mass m1 from the nodal point t˜
(n)
b is governed
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by the equation of motion
−Ωm1u˜(n)1 = cℓτˆ1
(
u˜(n)2 + u˜
(n−p1)
2 −2u˜(n)1
)
+ cℓτˆ2
(
u˜(n+p2)1 + u˜
(n−p2)
1 −2u˜(n)1
)
+ cℓτˆ3
(
u˜(n−p1)2 + u˜
(n+p2−p1)
2 −2u˜(n)1
)
, (1.83)
where u˜(n)2 are the displacement of the mass m2 from the nodal points t˜
(n)
w , and the 2× 2
projectors τˆi, i = 1,2,3, are given in (1.65). The displacement u˜
(n)
2 satisfies the equation of
motion
−Ωm2u˜(n)2 = cℓτˆ1
(
u˜(n)1 + u˜
(n+p1)
1 −2u˜(n)2
)
+ cℓτˆ2
(
u˜(n+p2)2 + u˜
(n−p2)
2 −2u˜(n)2
)
+ cℓτˆ3
(
u˜(n+p2)1 + u˜
(n+p1−p2)
1 −2u˜(n)2
)
. (1.84)
Bloch-Floquet conditions. The elastic displacements u˜(n)1 and u˜
(n)
2 in Eqs (1.83) and (1.84)
satisfy Bloch-Floquet conditions
u˜(n+m)i = e
i(m1t˜ 1·k+m2t˜ 2·k)u˜(n)i , i = 1,2, (1.85)
with n,m ∈ Z2, m = (m1,m2)T, and t˜ i, i = 1,2, as in Eq. (1.81). The vector k in Eq. (1.85)
is the Bloch-Floquet wave vector in the first Brillouin zone of the structure. The translation
vectors of the reciprocal lattice can be obtained from Eq. (1.34) using the translation vectors
for the real space lattice in Eq. (1.81). The result is
G˜1 =
1
2
G1 and G˜2 = G2, (1.86)
where Gi, i = 1,2, are given in Eq. (1.61). Similarly, the reciprocal lattice translation vectors
corresponding to (1.82) are
G∗1 =
1
2
G1 and G∗2 =
1
2
G1+G2, (1.87)
where Gi, i = 1,2, are given in Eq. (1.61). We emphasise that the vectors (1.87) are
orthogonal. Consequently, the first Brillouin zone obtained with the Wigner-Seitz method on
the nodal points generated by the translation vectors (1.87) is rectangular. The dispersion
equations and corresponding roots do not depend on equivalent choices of first Brillouin
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zones. Therefore, we choose to present the dispersion properties of the lattice over the
rectangular Brillouin zone
k = α1G∗1+α2G
∗
2, with (α1,α2) ∈ [−1/2,1/2]2, (1.88)
where G∗i , i = 1,2 are given in (1.87). The rectangular Brillouin zone in (1.88) is schemati-
cally represented Fig. 1.11(b) as an orange semi-transparent area. The first Brillouin zone
for a triangular lattice (see Fig. 1.7(b)) is also shown for comparison.
After the substitution of the Bloch-Floquet conditions (1.85), Eqs (1.83) and (1.84)
become
−Ωm1u˜1(k) = cℓτˆ1
(
u˜2(k)+ u˜2(k)e−ik·t˜ 1 −2u˜1(k)
)
+2cℓτˆ2 (cos(k · t˜ 2)−1) u˜1(k)
+ cℓτˆ3
(
u˜2(k)e−ik·t 2 + u˜2(k)e−ik·(t˜ 1−t˜ 2)−2u˜1(k)
)
, (1.89)
and
−Ωm2u˜2(k) = cℓτˆ1
(
u˜1(k)+ u˜1(k)eik·t˜ 1 −2u˜2(k)
)
+2cℓτˆ2 (cos(k · t˜ 2)−1) u˜2(k)
+ cℓτˆ3
(
u˜1(k)eik·t 2 + u˜1(k)eik·(t˜ 1−t˜ 2)−2u˜2(k)
)
, (1.90)
where the cell nodal coordinates n have been omitted. The Bloch-Floquet amplitudes
u˜ = (u˜T1 , u˜
T
2 )
T in Eqs (1.89) and (1.90) are non-zero if and only if
det
(
Σˆ(OL)k −ΩMˆ (OL)
)
= 0, (1.91)
where
Mˆ (OL) = diag(m1,m1,m2,m2), (1.92)
and the superscript “(OL)" stands for “Oblique Lattice". The stiffness matrix is
Σˆ(OL)k =
(
Σˆ11(k) Σˆ12(k)
Σˆ21(k) Σˆ22(k)
)
, (1.93)
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Fig. 1.12 Dispersion diagrams over the first Brillouin zone for the oblique lattice represented in Fig.
1.11(a). In panel (a) we use m1 = m2 = 1, while in panel (b) we fix m1 = 1 and m2 = 3. The stiffness
of the links is cℓ = 1. Panel (c) shows a comparison of slowness contours obtained from panel (a)
(dashed grey lines) and panel (b) (solid black lines) at ω = 1.5.
where
Σˆ11(k) = Σˆ22(k) = 2cℓ
[
τˆ1+(1− cos(k · t˜2))τˆ2+ τˆ3
]
, (1.94)
Σˆ12(k) = Σˆ†21(k) =−cℓ
[
τˆ1(1+ e−ik·t˜ 1)+ τˆ3(e−ik·t˜ 2 + e−ik·(t˜ 1−t˜ 2))
]
. (1.95)
For every k in Eq. (1.88), the dispersion equation (1.91) has four solutions Ω = ω2. The
solutions ω ≡ ω(k) of Eq. (1.91) are reported in Fig. 1.12(a) and 1.12(b). The parameters
used in the computations are cℓo = 1, m1 = 1 and L = 1. Fig. 1.12(a) corresponds to the case
m2 =m1, i.e. monatomic lattice, while in Fig. 1.12(b) m2 = 3m1 is used. In order to compare
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the dispersion properties we report in Fig. 1.12(c) the slowness contours of the Fig. 1.12(a)
(grey dashed lines) and Fig. 1.12(b) (black full lines) evaluated at ω = 1.5.
1.5 Layered piezoelectric periodic composite structures: cou-
pled Bloch-Floquet waves
A layered periodic piezoelectric structure is considered in this section. With reference to Fig.
1.3(b), we assume that the grey and white layers are made of two different 6mm piezoelectric
materials whose 6−fold axis points in the out-of-plane z-direction. The aim is here to
construct the dispersion diagram for Bloch-Floquet waves.
For out-of-plane elastic and transverse magnetic waves, the governing equations derived
in the subsection 1.1.1 apply. In section 1.5.2 we outline the derivation of the dispersion
equation for out-of-plane elastic waves, as done by Piliposyan et al. [71].
In section 1.5.3 we quantify polaritonic effects arising from the coupling of in-plane
elastic waves and transverse electric waves in a layered piezoelectric structures. Following
a method similar to the one used by Zhu el. al. [105], we obtain an asymptotic dispersion
equations, valid at the boundary of the 1D first Brillouin zone.
In section 1.5.4, we present the dispersion diagrams for both out-of-plane and in-plane
problems of elasticity in a 1D piezoelectric structures.
1.5.1 Representation of the fields across planar interfaces under the
out-of-plane shear assumption
The out-of-plane assumption for the displacement field is
ux(x,y) = 0, uy(x,y) = 0, and Ez(x,y) = 0. (1.96)
The last condition is essential in order to ensure purely out-of-plane elastic waves, as it follows
from Eq. (1.28). We assume that elastic and electromagnetic quantities are time-harmonic
and have plane-wave dependence on the y spatial coordinate, i.e.
uz(x,y; t) = uz,0(x)eikyy−iωt , Hz(x,y; t) = Hz,0(x)eikyy−iωt ,
σxz(x,y; t) = σxz,0(x)eikyy−iωt and Ey(x,y; t) = Ey,0(x)eikyy−iωt . (1.97)
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We introduce the following vector function
η (x) =

−ωuz,0(x)
iEy,0(x)
iσxz,0(x)
iHz,0(x)
 , (1.98)
where the components have been introduced in (1.97). Using Eqs (1.12), (1.13) and (1.14)
we deduce the differential equation
1
i
d
dx
η (x) = Sˆ η (x), (1.99)
with
Sˆ =

0 0 ω/G −e15ky/(Gε11)
0 0 −e15ky/(Gε11)
(
ω2ε11µ− k2yc44/G
)
/(ωε11)(
ω2ρ− k2yc44
)
/ω kye15 0 0
kye15 ωε11 0 0
 , (1.100)
and η (x) introduced in Eq. (1.98). The eigenvalues of Sˆ are
s1 =−q, s2 = q, s3 =−r, s4 = r, (1.101)
where
q =
√
ω2µε11− k2y and r =
√
ω2ρ/G− k2y , (1.102)
and corresponding eigenvectors, which are solutions of Eq. (1.99), are
e1(x) = −2i
√
ωε11
2q

0
−q/(ε11ω)
e15ky/(ε11ω)
1
e−iqx, e2(x) = 2
√
ωε11
2q

0
q/(ε11ω)
e15ky/(ε11ω)
1
e+iqx,
e3(x) = 2i
√
Gr
2ω

−ω/(Gr)
e15ky/(ε11Gr)
1
0
e−irx, e4(x) = 2
√
Gr
2ω

ω/(Gr)
−e15ky/(ε11Gr)
1
0
e+irx.
(1.103)
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The energy flux parallel to the x−direction is [3]
Fx =
1
2
Re
(−σxz(x)v∗z (x)+Ey(x)H∗z (x))= 14η (x)† Eˆ η (x), (1.104)
where ∗ denotes complex conjugation and † denotes Hermitian conjugation. The explicit
form of η (x) is given in Eq. (1.98) and
Eˆ =

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
 . (1.105)
The normalisation of the eigenmodes in Eq. (1.103) has been chosen in such a way that the
right-propagating modes are
e†i (x) Eˆ e j(x) = δi j, i, j = {1,3}, with Im(q) = Im(r) = 0, (1.106)
and left-propagating mode
e†i (x) Eˆ e j(x) =−δi j, i, j = {2,4}, with Im(q) = Im(r) = 0. (1.107)
The non-propagating modes are such that
e†i (x) Eˆ e j(x) = 0, i, j = {1,2,3,4}, with Re(q) = Re(r) = 0. (1.108)
By requiring that both the wave-vectors in Eq. (1.102) are real, one can identify threshold
frequencies above which electromagnetic and/or elastic waves propagate within a given
piezoelectric material and at a given ky, the y-component of the wave vector. The elastic and
electromagnetic threshold frequencies are respectively
ω(EL)T =
√
G
ρ
ky and ω
(EM)
T =
1√µε ky . (1.109)
In addition, two frequency regimes naturally arise from Eq. (1.109). For frequencies such
that2
ω(EL)T < ω < ω
(EM)
T , (1.110)
2We observe that ω(EL)T < ω
(EM)
T ,because ω
(EL)
T /ω
(EM)
T = v/c where the speed of light c and the speed of
shear waves v are introduced in Eq. (1.20).
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only elastic displacement waves can propagate in the stack. We call this range elastic
frequency regime. For frequencies such that
ω > ω(EM)T , (1.111)
both elastic and electromagnetic waves can propagate in the stack. We will refer to this inter-
val as the electromagnetic frequency regime. Table 1.1 shows several threshold frequencies
ω(EL)T [10
6 rad/s] ω(EM)T [10
9 rad/s]
PZT 2.58 11.10
BaTiO3 43.30 250.91
Table 1.1 Examples of threshold elastic (EL) and electromagnetic (EM) frequencies calculated at
ky = 1/β and β = 1 mm for two different materials: Lead Zirconate Titanate (PZT) and Barium
Titanate ( BaTiO3 ).
(see Eq. (1.109)) for different materials at ky = 1/β . The smallest threshold elastic and
electromagnetic frequency is the one associated with PZT. Therefore PZT will be chosen as
an hosting material for layered finite stack (see chapter 2).
1.5.2 Dispersion equation for out-of-plane elastic waves in piezoelec-
tric composite structures
Bloch-Floquet conditions enable a formulation of the propagation problem in a periodic
medium in term of its unit cell only. With reference to Fig. (1.3)(b), consider the unit cell
delimited by the vertical dashed lines x =±β/2. The two white layers on the left and the
right sides of the unit cell are denoted by superscripts “(2)” and “(3)”, respectively. The
central grey layer is denoted by “(1)”. The vector function (1.98) can be written in terms of
the eigenmodes (1.103) as
η ( j)(x) = ∑
i=1,4
λ ( j)i e
( j)
i (x), (1.112)
where e( j)i (x) denote the eigenmodes evaluates in the the aforementioned layers j = {1,2,3},
and λ ( j)i is the amplitude of the i
th eigenmode in the ( j)−layer. The continuity conditions at
the interfaces x =±b/2 are
η (2)(−b−/2) = η (1)(−b+/2) and η (1)(b−/2) = η (3)(b+/2), (1.113)
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and the Bloch-Floquet conditions impose
η (2)(x−β/2) = η (3)(x+β/2)eiβk0 , (1.114)
for every x in the unit cell. We introduce the notation
Ci = c
(i)
44, ei = e
(i)
15, εi = ε
(i)
11 Gi = Ci+
e2i
εi
, i = {1,2} (1.115)
where c(i)44 , e
(i)
15 and ε
(i)
11 are components of the stiffness, piezoelectric and dielectric tensors,
respectively, for material i = {1,2} in the i−th layer. We emphasise that the aforementioned
physical quantities are sufficient to describe the out-of-plane problem of elasticity. The Eqs
(1.113) and (1.114) are written explicitly in what follows.
Continuity conditions. The continuity condition at x =−b/2 in (1.113) is
− iλ (2)1
√
ωε2
2q2

0
−q2/(ε2ω)
e2ky/(ε2ω)
1
eiq2b/2+λ (2)2
√
ωε2
2q2

0
q2/(ε2ω)
e2ky/(ε2ω)
1
e−iq2b/2
+ iλ (2)3
√
G2r2
2ω

−ω/(G2r2)
e2ky/(ε2G2r2)
1
0
eir2b/2+λ (2)4
√
G2r2
2ω

ω/(G2r2)
−e2ky/(ε2G2r2)
1
0
e−ir2b/2
=−iλ (1)1
√
ωε1
2q1

0
−q1/(ε1ω)
e1ky/(ε1ω)
1
eiq1b/2+λ (2)2
√
ωε1
2q1

0
q1/(ε1ω)
e1ky/(ε1ω)
1
e−iq1b/2
+ iλ (1)3
√
G1r1
2ω

−ω/(G1r1)
e1ky/(ε1G1r1)
1
0
eir1b/2+λ (1)4
√
G1r1
2ω

ω/(G1r1)
−e1ky/(εG1r1)
1
0
e−ir1b/2. (1.116)
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The continuity condition at the interface x = b/2 in (1.113) is
− iλ (1)1
√
ω1ε1
2q1

0
−q1/(ε1ω)
e1ky/(ε1ω)
1
e−iq1b/2+λ (1)2
√
ωε1
2q1

0
q1/(ε1ω)
e1ky/(ε1ω)
1
eiq1b/2
+ iλ (1)3
√
G1r1
2ω

−ω/(G1r1)
e1ky/(ε1G1r1)
1
0
e−ir1b/2+λ (1)4
√
G1r1
2ω

ω/(G1r1)
−e1ky/(ε1G1r1)
1
0
eir1b/2
=−iλ (3)1
√
ωε2
2q2

0
−q2/(εω)
e2ky/(ε2ω)
1
e−iq2b/2+λ (3)2
√
ωε2
2q2

0
q2/(εω)
e2ky/(ε2ω)
1
eiq2b/2
+ iλ (3)3
√
G2r2
2ω

−ω/(G2r2)
e2ky/(ε2G2r2)
1
0
e−ir2b/2+λ (3)4
√
G2r2
2ω

ω/(G2r2)
−e2ky/(ε2G2r2)
1
0
eir2b/2. (1.117)
Bloch-Floquet conditions. The Bloch-Floquet conditions (1.114) evaluated at x= 0 yields
− iλ (2)1
√
ωε2
2q2

0
−q2/(ε2ω)
e2ky/(ε2ω)
1
eiq2β/2+λ (2)2
√
ωε2
2q2

0
q2/(ε2ω)
e2ky/(ε2ω)
1
e−iq2β/2
+ iλ (2)3
√
G2r2
2ω

−ω/(G2r2)
e2ky/(ε2G2r2)
1
0
eir2β/2+λ (2)4
√
G2r2
2ω

ω/(G2r2)
−e2ky/(ε2G2r2)
1
0
e−ir2β/2 =
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=−iλ (3)1
√
ωε2
2q2

0
−q2/(ε2ω)
e2ky/(ε2ω)
1
e−iq2β/2+ik0β +λ (3)2
√
ωε2
2q2

0
q2/(ε2ω)
e2ky/(ε2ω)
1
eiq2β/2+ik0β
+ iλ (3)3
√
G2r2
2ω

−ω/(G2r2)
e2ky/(ε2G2r2)
1
0
e−ir2b/2+ik0β +λ (3)4
√
G2r2
2ω

ω/(G2r2)
−e2ky/(ε2G2r2)
1
0
eir2β/2+ik0β .
(1.118)
Dispersion equation. The twelve equations (1.116) (1.117) and (1.118) for the twelve
unknowns λ ( j)i , i = 1,2,3,4 and j = 1,2,3, have non-trivial solutions if the determinant of
the associated matrix is equal to zero. The result is [70]
cos(βk0) =−14
(
f (ky,ω)+
√
f 2(ky,ω)−4g(ky,ω)+8
)
, (1.119)
where we have introduced the functions
f (ky,ω) =−2cos(bq1)cos(aq2)−2cos(br1)cos(ar2)+Qsin(bq1)sin(aq2)
+ k2y
(
R21 sin(aq2)sin(br1)
G1q2r1
+
R22 sin(bq1)sin(ar2)
G2q1r2
)
+Gsin(br1)sin(ar2),
(1.120)
and
g(ky,ω) = 2+2cos(br1)cos(ar2)(2cos(bq1)cos(aq2)−Qsin(bq1)sin(aq2))
+2k2y [K1 sin(bq1)sin(br1)−K1 sin(bq1)sin(br1)cos(aq2)cos(ar2)
+K2 sin(aq2)sin(ar2)−K3 cos(bq1)cos(ar2)sin(aq2)sin(br1)
−K4 cos(aq2)cos(br1)sin(bq1)sin(ar2)−K22 cos(bq1)cos(br1)sin(aq2)sin(ar2)]
−2Gcos(bq1)cos(aq2)sin(br1)sin(ar2)+QGsin(bq1)sin(aq2)sin(br1)sin(ar2)
+ k4yK1K2 sin(bq1)sin(aq2)sin(br1)sin(ar2), (1.121)
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where we emphasise that the parameters qi, and ri, i = {1,2}, introduced in Eq. (1.102) are
functions of ky. In Eqs (1.120) and (1.121) we have introduced the following notations
G =
G1r1
G2r2
+
G2r2
G1r1
, Q =
q22ε
2
1 +q
2
1ε
2
2
q1q2ε1ε2
, R1 =
e2ε1− e1ε2
ε1
√
ε2
, R2 =
e2ε1− e1ε2
ε2
√
ε1
,
K1 =
R22
G1q1r1
, K2 =
R21
G2q2r2
, K3 =
R21
G1q2r1
K4 =
R22
G2q1r2
, a = β −b. (1.122)
1.5.3 Dynamical coupling in periodic layered structures
We illustrate here an important effect arising from the dynamic coupling of the elastic in-
plane fields and transverse electric field, as those encountered in Eqs. (1.21) and (1.25). The
method used here follows the one presented in Ref. [105]. We study a layered structure as
the one represented in Fig. 1.3 and assume for simplicity b = β/2. The periodicity arise here
from the periodic modulation of the polarisation vector, pointing in the positive z direction in
the white layers and in the negative z direction in the grey layers. The periodic polarisation
can be written as
e13(x) = e13 ∑
m ̸=0
i
1− cos(mπ)
mπ
eiGmx, with Gm =
πm
b
. (1.123)
By taking into account the x dependence of the piezoelectric coupling (1.123) into the
constituitive relations (1.22), the first row in the Newton matrix equation (1.23) yields
c11
∂ 2
∂x2
ux(x, t)−ρ ∂
2
∂ t2
ux(x, t) =
∂
∂x
(e13(x)Ez(x, t)) , (1.124)
where we have assumed propagation along the x−axis (∂/∂y(·) = 0). The form of the
Maxwell equation (1.25) remains the same, although the spatial dependence of the piezo-
electric coupling (1.123) should be taken into account. By introducing the Fourier transform
representation of the time-harmonic fields
ux(x, t) =
∫ +∞
−∞
dk¯ u˜x(k¯) eik¯x−iωt and Ez(x, t) =
∫ +∞
−∞
dq¯ E˜z(q¯) eiq¯x−iωt , (1.125)
Eq. (1.25) becomes
∫ +∞
−∞
dq¯(−q¯2+µε33ω2)eiq¯x E˜z(q¯) = ω2µe13
∫ +∞
−∞
dk¯ k¯ ∑
m̸=0
1− cos(mπ)
mπ
ei(Gm+k¯)xu˜x(k¯). (1.126)
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The Newton equation (1.124) becomes
∫ +∞
−∞
dk¯
(
c11k¯2−ρω2
)
u˜(k¯)eik¯x = e13
∫ +∞
−∞
dq¯ ∑
n̸=0
(q¯+Gn)
1− cos(nπ)
nπ
ei(Gn+q¯)xE˜z(q¯). (1.127)
In order for Eqs (1.126) and (1.124) to become identities we require that
(−q¯2+µε33ω2)E˜z(q¯) = ω2µe13 ∑
m̸=0
k¯
1− cos(mπ)
mπ
u˜x(k¯), with q¯ = k¯+Gm, (1.128)
and(
c11k¯2−ρω2
)
u˜(k¯) = e13 ∑
n̸=0
(q¯+Gn)
1− cos(nπ)
nπ
E˜z(q¯), with k¯ = q¯+Gn, (1.129)
respectively. We observe that q¯≪G1, which implies that q¯ can be simplified when compared
to Gm. The second implication is that the conditions in the previous two equations become
k¯ =−Gm and k¯ = Gn, respectively. Introducing the notation
Cm =
1− cos(mπ)
mπ
, with m ∈ Z/{0}, (1.130)
Eqs (1.128) and (1.129) become
(µε33ω2− q¯2) E˜z(q¯) = ω2µe13 ∑
m̸=0
δk¯,−Gm k¯ Cmu˜x(k¯), (1.131)
and (
c11k¯2−ρω2
)
u˜(k¯) = e13 ∑
n̸=0
δk¯,GnGn CnE˜z(q¯), (1.132)
respectively, where Cm has been introduced in Eq. (1.130). Substituting the expression for
u˜(k) (1.132) into (1.131) we get
(−q¯2+µε33ω2) =−ω2µe213 ∑
m,n̸=0
δk¯,−Gm δk¯,Gn k¯ GnCmCn
1
−c11k¯2+ρω2
=
42ω2µe213
β 2
1
−c11G2m+ρω2
, with, m = 1,3,5... (1.133)
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Eq. (1.133) can be recast into
q¯2
ε33µω2
= 1+
16e213
ρε33β 2
1
c11Gm/ρ−ω2 , with m = 1,3,5, ... (1.134)
which is the result of Zhu et al. [105].
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Fig. 1.13 In both panels the solid red lines correspond to eigenfrequencies for the out-of-plane
shear displacement waves while the blue dashed lines represent the frequency for in-plane shear and
pressure modes. The plane here considered is the xy plane of Fig. 1.3. With reference to the same
picture, we fix the parameters to be β = 2 mm, b = 1/(3β ). Region (1) of the unit cell is occupied
by PZT while regions (2) and (3) are occupied by the BaTiO3. Panel (a) has been obtained at ky = 0
while panel (b) has been obtained using ky = 1/β .
1.5.4 Dispersion of Bloch-Floquet waves in one-dimensional periodic
piezoelectric structures
The dispersion equation (1.119) corresponds to out-of-plane elastic displacement in a piezo-
electric layered structure. For illustrative purposes we here compare in-plane elastic wave
propagation with those corresponding to out-of-plane waves (1.119). The comparison is
provided in Fig. 1.13(a) and 1.13(b). The key assumption in dealing with the in-plane
problem is
Ez(x,y) = 0, (1.135)
which guarantees that elastic and electromagnetic partial differential equations are not
dynamically coupled.
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Panels (a) and (b) show dispersion diagrams for Bloch waves in a piezoelectric periodic
structure with unit cell of length β and made of PZT and BaTiO3. Panel (a) refers to normal
incidence while panel (b) to oblique incidence (ky = 1/β ). The solid lines are the dispersion
curves for out-of-plane Bloch-Floquet displacement waves while the dashed lines are the
in-plane modes. In Fig. 1.13(b), we observe the formation of a zero frequency band gap.
c44 [1010N/m2] e15 [C/m2] ε11[10−11F/m] ρ[103kg/m3]
PZT 2.56 12.7 646 7.6
BaTiO3 4.3 11.6 1.264 5.7
Table 1.2 Piezoelectric materials: Barium Titanate (BaTiO3) and Lead-Zirconium Titanate (PZT).
We list from the left to the right the elastic constant, the piezoelectric constant, the dielectric permittiv-
ity constant and the mass density.
1.6 Dynamic lattice Green’s function
The Green’s function is a useful tool for studying the dynamic response of continuous and
discrete structures subject to an external excitation. For illustrative purposes, here we study
the Green’s function for a one dimensional biatomic lattice as the one depicted in Fig. 1.3(a).
Time-harmonic wave propagation with angular frequency Ω= ω2 yields
−Ωm1 u1,n =C(u2,n+u2,n−1−2u1,n)+P1δ0,n,
−Ωm2 u2,n =C(u1,n+1+u1,n−2u2,n)+P2δ0,n, (1.136)
where P1 and P2 are the moduli external forces whose directions are parallel to the biatomic
chain in 1.3(a), and δm,n, m,n ∈ Z, is the Kroneker delta. We introduce the following discrete
Fourier transform identities
u j,n =
1
2π
∫ π
−π
einη u˜ j(η) dη and δ0,n =
1
2π
∫ π
−π
einη dη , n∈Z and j= {1,2}, (1.137)
where δ0,n = 1 if n = 0 and zero otherwise. Upon the substitution of (1.137) into (1.136),
and setting C = 1, for every wave number η we obtain
u˜1 =
1
Q(η ,ω)
[
P1(2−m2ω2)+P2(1+ e−iη)
]
,
u˜2 =
1
Q(η ,ω)
[
P2(2−m1ω2)+P1(1+ eiη)
]
. (1.138)
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The function Q(η ,ω) in Eq. (1.138) is
Q(η ,Ω) = Q0(Ω)−2(1+ cos(η)), and Q0(Ω) = (m1Ω−2)(m2Ω−2), (1.139)
which coincides with the left-hand side of the dispersion equation (1.40). From Eqs (1.138),
the discrete Fourier transform of the dynamic lattice Green’s function GˆF(Ω,η) for a biatomic
chain can be expressed in the matrix form as(
u˜1
u˜2
)
=
1
Q(η ,Ω)
(
2−m2Ω 1+ e−iη
1+ eiη 2−m1Ω
)(
P1
P2
)
,
(1.140)
Assuming P1 = 0 and P2 = 1 in Eqs (1.140), the Fourier transforms are
u1,n =
1
2π
∫ π
−π
1+ e−iη
Q(η ,ω)
einηdη , and u2,n =
2−m2Ω
2π
∫ π
−π
1
Q(η ,ω)
einηdη . (1.141)
Localised vibration modes in the stop bands. We assume that m2 > m1 and evaluate
u1,n and u2,n in Eqs (1.141) at frequencies within the finite and infinite band-gaps, i.e.
for Ω− < Ω < Ω+ and Ω > Ωo, respectively. The frequencies Ωo, Ω+ and Ω− have been
introduced in Eqs. (1.41) and (1.42). The expressions for the lattice displacements become
u1,n =− 12π
∫ π
−π
1+ e−iη
cos(η)+1+(2−m1Ω)(m2Ω−2)/2e
inηdη , and,
u2,n =−2−m2Ω2π
∫ π
−π
1
cos(η)+1+(2−m1Ω)(m2Ω−2)/2e
inηdη . (1.142)
In the finite band gap where the Ω-dependent term in Eqs (1.142) is positive, the result of the
integration is [62]
u1,n = (−1)n e
−|n|z− e−|n−1|z
sinh z
, and u2,n = (−1)n(2−m2Ω) e
−|n|z
sinh z
, (1.143)
where z ∈ R, and
cosh z = 1+(2−m1Ω)(m2Ω−2)/2> 0.
Fig. 1.14 shows the displacements of the nodal points of a forced biatomic chain. The figure
has been obtained evaluating Eqs (1.141). The horizontal axis shows the coordinates of
the masses in the lattice with m ∈ Z. The frequency has been chosen in such a way that
Q0 =−1/2, and with m2 = 2m1 = 2. Fig. 1.14 illustrates exponentially localised vibrations
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Fig. 1.14 Localised vibrations of the nodal points of a forced biatomic chain with masses m2 = 2
and m1 = 1 and Eqs (1.143). The frequency, Ω= 1/m2+1/m1, is in the finite stop band.
around the point where the load is applied. The specific choice of the frequency gives
in-phase oscillations of the same amplitude for masses belonging to the same cell. Fig. 1.15
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Fig. 1.15 Localised vibrations of the nodal points of a biatomic chain with masses m2 = 2m1 = 2
and C = 1 for P1 = 0 and P2 = 1. The frequency, Ω= 4(1/m2+1/m1), is in the infinite stop band.
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illustrates localised vibrations around the point where the load is applied, at the frequency
Ω = 4(1/m1 +m2), for which Q0 > 4 (the frequency is in the infinite stop-band). At this
frequency, the displacements of the masses in the same cell are out-of-phase.

Chapter 2
Scattering from layered piezoelectric
finite stacks
In this chapter we study the reflection and transmission problem for a finite stack of piezo-
electric layers. We model the stack as a finite repetition of the unit cell represented in Fig. 1.3,
here denoted as “building block”. The displacement field is assumed to be out-of-plane and
thus the governing equations presented in section 1.1.1 apply. The total number of building
blocks is denoted byN .
The interest in studying the problem stated above is twofold. First of all, when N is
sufficiently large, the reflection spectrum encapsulates some features of the well known
periodic problem [70], already discussed in section 1.5.2. In fact, total reflection regions
should match the stop bands for Bloch-Floquet waves. The second and most important
source of interest comes from the fact that a finite stack exhibits interesting phenomena
such as resonances for transmitted elastic and/or electromagnetic waves. The problem is
made more intriguing because of the piezoelectric effect, as a mechanism to “convert” elastic
energy into electromagnetic energy and vice versa. In this chapter, the transmitted energy
flux is decomposed into an elastic and and electromagnetic contribution, already identified in
section 1.5.1, Eq. (1.104).
2.1 Scattering from a single piezoelectric layer
Single interface. Before studying the scattering properties of the stack, we focus on
the reflection and transmission by a planar interface x = x1 separating two semi-infinite
piezoelectric materials [25]. The materials on the left and on the right of the interface are
denoted by (2) and (1), respectively. The materials are assumed to be perfectly matched at the
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interface. The continuity of fields at the interface can be written in terms of the eigenmodes
given in Eq. (1.103). We denote the eigenmodes in Eq. (1.103) by e(n)j (x) = e
(n)
j exp(+is jx),
with j = {1,2,3,4} the index of the corresponding eigenvalues s j in Eq. (1.101) and
n = {1,2} the material indices. The scattering problem for shear elastic waves incident from
the left admits solution
η (2),ℓA (x) = e
(2)
4 e
+ir2x+R(ℓ)EAe
(2)
1 e
−iq2x+R(ℓ)AAe
(2)
3 e
−ir2x, for x< x1,
η (1),ℓA (x) = T
(ℓ)
EA e
(1)
2 e
+iq1x+T (ℓ)AAe
(1)
4 e
+ir1x, for x> x1. (2.1)
The scattering problem for transverse magnetic waves incident from the left has solution
η (2),ℓE (x) = e
(2)
2 e
+iq2x+R(ℓ)AEe
(2)
3 e
−ir2x+R(ℓ)EEe
(2)
1 e
−iq2x, for x< x1,
η (1),ℓE (x) = T
(ℓ)
AE e
(1)
4 e
+ir1x+T (ℓ)EE e
(1)
2 e
+iq1x, for x> x1. (2.2)
As already discussed in section 1.5.1, Eqs (2.1) and (2.2) are continuous at the interfaces
x = x1, i.e.
η (2),ℓA (x)
∣∣∣
x=x−1
= η (1),ℓA (x)
∣∣∣
x=x+1
and η (2),ℓE (x)
∣∣∣
x=x−1
= η (1),ℓE (x)
∣∣∣
x=x+1
. (2.3)
Equations (2.3) yield
e(2)4 e
+ir2x1 +R(ℓ)EAe
(2)
1 e
−iq2x1 +R(ℓ)AAe
(2)
3 e
−ir2x1 = T (ℓ)EA e
(1)
2 e
+iq1x1 +T (ℓ)AAe
(1)
4 e
+ir1x1,
e(2)2 e
+iq2x1 +R(ℓ)AEe
(2)
3 e
−ir2x1 +R(ℓ)EEe
(2)
1 e
−iq2x1 = T (ℓ)AE e
(1)
4 e
+ir1x1 +T (ℓ)EE e
(1)
2 e
+iq1x1. (2.4)
Similarly, for waves incident from the right, we obtain
T (r)EA e
(2)
1 e
−iq2x1 +T (r)AAe
(2)
3 e
−ir2x1 = R(r)EAe
(1)
2 e
+iq1x1 +R(r)AAe
(1)
4 e
+ir1x1 + e(1)3 e
−ir1x1,
T (r)AE e
(2)
3 e
−ir2x1 +T (r)EE e
(2)
1 e
−iq2x1 = R(r)EEe
(1)
2 e
+iq1x1 +R(r)AEe
(1)
4 e
+ir1x1 + e(1)1 e
−iq1x1. (2.5)
Solving the systems associated with Eqs (2.4) and (2.5) gives, respectively
Rˆℓ =
R
(ℓ)
AA R
(ℓ)
AE
R(ℓ)EA R
(ℓ)
EE
 , Tˆℓ =
T
(ℓ)
AA T
(ℓ)
AE
T (ℓ)EA T
(ℓ)
EE
 , (2.6)
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and
Rˆr =
R
(r)
AA R
(r)
AE
R(r)EA R
(r)
EE
 , Tˆr =
T
(r)
AA T
(r)
AE
T (r)EA T
(r)
EE
 , (2.7)
which are the reflection and transmission matrices. The reflection and transmission matrices
act on the two-dimensional subspace generated by the “acoustic” (A) and “electromagnetic”
(E) eigenmodes which are incident from the left (ℓ) or from the right (r). The explicit
expressions of the entries of the reflection matrix in (2.6) are
R(ℓ)AA = −
ie2ir2x1
D
[
p2
(
e1
ε1
− e2
ε2
)2
+(G1r1−G2r2)
(
q1
ε1
+
q2
ε2
)]
,
R(ℓ)AE = −
2i
D
e+i(q2+r2)x1 p
√
G2r2
√
q2
ε2
(
e1
ε1
− e2
ε2
)
,
R(ℓ)EE = −
ie2iq2x1
D
[
p2
(
e1
ε1
− e2
ε2
)2
+(G1r1+G2r2)
(
q1
ε1
− q2
ε2
)]
,
R(ℓ)EA =
2i
D
e+i(q2+r2)x1 p
√
G2r2
√
q2
ε2
(
e1
ε1
− e2
ε2
)
, (2.8)
and the entries of the transmission matrix (2.6)
T (ℓ)AA =
2
D
e−i(r1−r2)x1
√
G1r1
√
G2r2
(
q1
ε1
+
q2
ε2
)
,
T (ℓ)AE = −
2
D
e+i(q2−r1)x1 p
√
G1r1
√
q2
ε2
(
e1
ε1
− e2
ε2
)
,
T (ℓ)EE =
2
D
e−i(q1−q2)x1(G1r1+G2r2)
√
q1
ε1
√
q2
ε2
,
T (ℓ)EA =
2
D
e−i(q1−r2)x1 p
√
G2r2
√
q1
ε1
(
e1
ε1
− e2
ε2
)
, (2.9)
where we have introduced the following notation
D = p2
(
e1
ε1
− e2
ε2
)2
+(G1r1+G2r2)
(
q1
ε1
+
q2
ε2
)
. (2.10)
58 Scattering from layered piezoelectric finite stacks
The explicit expressions of the entries of the matrices Rˆr and Tˆr are
R(r)AA =
ie−2ir1x1
D
[
p2
(
e1
ε1
− e2
ε2
)2
− (G1r1−G2r2)
(
q1
ε1
+
q2
ε2
)]
,
R(r)AE = −
2i
D
e−i(q1+r1)x1 p
√
G1r1
√
q1
ε1
(
e1
ε1
− e2
ε2
)
,
R(r)EE =
ie−2iq1x1
D
[
p2
(
e1
ε1
− e2
ε2
)2
− (G1r1+G2r2)
(
q1
ε1
− q2
ε2
)]
,
R(r)EA =
2i
D
e−i(q1+r1)x1 p
√
G1r1
√
q1
ε1
(
e1
ε1
− e2
ε2
)
, (2.11)
and
T (r)AA =
2
D
e−i(r1−r2)x1
√
G1r1
√
G2r2
(
q1
ε1
+
q2
ε2
)
,
T (r)AE = −
2
D
e−i(q1−r2)x1 p
√
G2r2
√
q1
ε1
(
e1
ε1
− e2
ε2
)
,
T (r)EE =
2
D
e−i(q1−q2)x1(G1r1+G2r2)
√
q1
ε1
√
q2
ε2
,
T (r)EA =
2
D
e+i(q2−r1)x1 p
√
G1r1
√
q2
ε2
(
e1
ε1
− e2
ε2
)
. (2.12)
Single layer. Here we focus on the calculation of the scattering matrices for a single layer of
piezoelectric material (1) immersed in material (2). We assume that the interfaces delimiting
the layer are located at x = x1 and x = x2, with b = x2− x1 > 0. In order to distinguish the
two sets of scattering matrices at the two interfaces, the reflection and transmission matrix
evaluated at x= x2 are denoted by Rˆ′r, Tˆ ′r , Rˆ′ℓ, Rˆ
′
ℓ. The reflection and transmission matrices for
a single layer can be evaluated by summing up the contributions coming from the multiple
scattering between the interfaces at x = x1 and x = x2. Formally, for waves incident from the
left the multiple scattering gives
Rˆ
(ℓ)
1 = Rˆℓ+ TˆrRˆ
′
ℓTˆℓ+ TˆrRˆ
′
ℓRˆrRˆ
′
ℓTˆℓ+ · · ·= Rˆℓ+ Tˆr
(
Iˆ− Rˆ′ℓRˆr
)−1 Rˆ′ℓTˆℓ , (2.13)
Tˆ
(ℓ)
1 = Tˆ
′
ℓ Tˆℓ+ Tˆ
′
ℓ RˆrRˆ
′
ℓTˆℓ+ Tˆ
′
ℓ RˆrRˆ
′
ℓRˆrRˆ
′
ℓTˆℓ+ · · ·= Tˆ ′ℓ
(
Iˆ− RˆrRˆ′ℓ
)−1 Tˆℓ . (2.14)
Similarly, the scattering matrices for waves incident from the right are
Rˆ
(r)
1 = Rˆ
′
r + Tˆ
′
ℓ
(
Iˆ− RˆrRˆ′ℓ
)−1 RˆrTˆ ′r , (2.15)
Tˆ
(r)
1 = Tˆr
(
Iˆ− Rˆ′ℓRˆr
)−1 Tˆ ′ℓ . (2.16)
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Fig. 2.1 Panel (a) shows a finite stack of piezoelectric layers comprising material (1) (black areas of
width b) hosted by a material (2) (white area). Both the materials are out-of-plane polarised 6mm
piezoelectrics. Incident (I), reflected (R) and transmitted (T) waves are indicated. The black layers of
width b and spaced at a distance β , are infinite in the vertical direction. In panel (b) is schematically
shown the multiple scattering method which is at the basis of the recurrence procedure approach.
2.2 Scattering from a finite number of piezoelectric layers
The reflection and transmission matrices associated with an arbitrary and finite number of
building blocks, as the one depicted in Fig. 2.1(a), can be calculated using the multiple
scattering method. A similar method was used, among others, by Botten et al. [9] for
electromagnetic gratings and by Platts et al. [73] for elastic gratings. The thick vertical
line on the right hand side of Fig. 2.1(b), schematically denotes s piezoelectric bi-layers
made of material (1), immersed in a hosting piezoelectric (2). The associated reflection and
transmission matrices for waves incident from the left will be denoted by Rˆ(ℓ)s and Tˆ
(ℓ)
s .
The thin vertical line represents a single layer added to the left of the stack. The associated
scattering matrices are given in Eqs (2.6) and (2.7). Similarly to what we have done for
the single layer in section 2.1, the scattering matrices associated with a stack comprising
(s+1)-layers are
Rˆ
(ℓ)
s+1 = Rˆ
(ℓ)
1 + Tˆ
(r)
1
(
Iˆ2−PˆRˆ(ℓ)s PˆRˆ(r)1
)−1
PˆRˆ
(ℓ)
s PˆTˆ
(ℓ)
1 , (2.17)
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Tˆ
(ℓ)
s+1 = PˆTˆ
(ℓ)
s Pˆ
(
Iˆ2− Rˆ(r)1 PˆRˆ(ℓ)s Pˆ
)−1
Tˆ
(ℓ)
1 , (2.18)
with
Pˆ =
 e+ir2β 0
0 e+iq2β
 . (2.19)
The recurrence matrix relations (2.17) and (2.18) define the reflection and transmission
matrices for (s+1) layers, assuming that the s-stack matrices are known. We observe that
the recurrence matrices Rˆ(ℓ)s and Tˆ
(ℓ)
s have a phase-shift origin at x = x1. Before being used
in the expression for the (s+1)-stack matrices in the next step of the recurrence relation, the
phase origin must be shifted to x = x1+β . This is taken into account by the propagation
matrix Pˆ in Eq. (2.19) which appears in Eqs (2.17) and (2.18).
2.2.1 Transmittance and reflectance in the elastic frequency regime
In the elastic frequency regime, that is in the frequency range in Eq. (1.110), electromagnetic
waves cannot propagate. This can be formally seen by looking at the conservation of the
energy flux through the piezoelectric stack, as done below. Assuming an elastic incident
wave from the left and using Eq. (1.112) the physical fields on the left and on the right of the
stack can be written respectively as
η(ℓ)(x) =
[
Rˆ
(ℓ)
N
]
EA
e(2)1 e
−iq2x+
[
Rˆ
(ℓ)
N
]
AA
e(2)3 e
−ir2x+ e(2)4 e
+ir2x, x< x1,
η(r)(x) =
[
Tˆ
(ℓ)
N
]
EA
e(2)2 e
+iq2x+
[
Tˆ
(ℓ)
N
]
AA
e(2)4 e
+ir2x, for x> x1+(N −1)β +b, (2.20)
where Rˆ(ℓ)N and Tˆ
(ℓ)
N are 2×2 reflection and transmission matrices constructed in Eqs (2.17)
and (2.18). The energy flux in Eq. (1.104) can be evaluated using the physical fields in Eqs
(2.20). From the conservation of the energy flux through the structure it follows that
1
4
η (ℓ)(x)† Eˆ η (ℓ)(x) =Fi−Fr =Ft = 14η
(r)(x)† Eˆ η (r)(x) ⇒ Fr+Ft =Fi, (2.21)
where
Fi = 1, Fr =
∣∣∣[Rˆ(ℓ)N ]AA∣∣∣2 and Ft = ∣∣∣[Tˆ (ℓ)N ]AA∣∣∣2 . (2.22)
We obtained Eqs (2.21) and (2.22) using the identities (1.106) , (1.107) and (1.108). The
second and third relation in Eq. (2.22) represent the reflectance and transmittance of the
piezoelectric stack in the elastic frequency regime.
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Fig. 2.2 Transmittance (blue dashed line) and reflectance (red solid line) for a single BaTiO3 slab
in a PZT environment in the elastic frequency regime (see Eqs (2.22)). The width of the layer is
b = 0.33 mm. Panel (a) has been obtained at ky = 0 while panel (b) at ky = 1/β . Note that in panel
(b), the horizontal axis restricts to ω/ω(EL)PZT > 1 to avoid the non-physical region of frequencies.
5 10 15 20 25
ω/ω
(EL)
PZT
0
0.2
0.4
0.6
0.8
1
Tr
an
sm
itt
an
ce
p=2/β
p=1/β
p=1/(2β)
p=0
2 5 10 15 20 25
ω/ω
(EL)
PZT
0
0.2
0.4
0.6
0.8
1
Tr
an
sm
itt
an
ce
p=0
p=1/(2β)
p=1/β
p=2/β
2
(a) (b)
Fig. 2.3 Both panels are transmittance calculations for elastic waves through a BaTiO3 slab sur-
rounded by PZT. The width of the layer is b = 0.33 mm. Panel (a) shows transmittance curves for
several values of p = ky, when the piezoelectric effect is ignored (i.e. when the piezoelectric couplings
e15 in Table 1.2 are set to zero). Panel (b) shows transmittance curves for several values of ky, when
the piezoelectric effect is taken into account.
Single layer. In Fig. 2.2 we plot the reflectance and transmittance (Fr and Ft in Eq.
(2.22)), respectively) for a single layer (N = 1). The results are obtained using reflection
and transmission matrices (2.13) and (2.14), respectively. We fix the geometrical parameters
of the slab to be β = 1 mm and b = (2/3)β . Material (1) in Fig. 2.1(a) is filled with BaTiO3
while the hosting material is PZT (see Table 1.2). Panel (b) clearly shows that an elastic
threshold frequency is positive at ky ̸= 0 while is zero at ky = 0 (Panel (a)). This is consistent
62 Scattering from layered piezoelectric finite stacks
with Eq. (1.109).
In Fig. 2.3 we show transmittance results obtained using Eq. (2.22) for several ky (the
transverse component of the incident wave vector)through a single layer. The physical
parameters are the same used in Fig. 2.2. Panel (a) has been obtained ignoring piezoelectric
effect, i.e. setting the piezoelectric coupling equal to zero. In Panel (b) the piezoelectric
coupling is restored. The wide range of p investigated gives a better insight of the transmission
properties of the piezoelectric slab. The effect of different angles of incidence is minute when
the piezoelectric effect is ignored but is when the piezoelectric effect is restored.
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Fig. 2.4 Reflectance (red solid lines) and transmittance (blue dotted lines) obtained by the recurrence
procedures derived in Eqs (2.17) and (2.18). The building block has the same parameters as those
used in Fig. 2.2. The thin black line confirms the conservation of energy according to Eq. (2.21). The
thick black segments represent stop bands for the infinite structure, whose unit cell coincides with
current building block. Panel (a) refers toN = 10 and panel (b)N = 50.
Multiple layers. Fig. 2.4 shows the transmittance (blue dashed lines) and reflectance (solid
red line) in the elastic frequency regime from a stack of piezoelectric layers. The results are
obtained evaluating Eqs (2.22). The parameters are the same as the one used in Fig. 2.2.
Panels (a) and (b) refer to N = 10 and N = 50, respectively. The thin black horizontal
lines confirm the conservation of energy. The thick black horizontal lines denote band gap
frequency regions of the corresponding periodic structure (see Fig. (1.3)(b)) whose unit cell
is assumed to be the building block of the stack. The band gap frequency width has been
obtained by solving Eq. (1.119). Forbidden regions for wave propagation correspond to total
reflection regions (reflectance close to 1). In fact, even the result forN = 10 shows high
reflectance.
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2.2.2 Transmittance and reflectance in the electromagnetic frequency
regime
In the electromagnetic frequency regime (1.111), both elastic and electromagnetic waves
propagate. For elastic incident waves, the physical fields reflected and transmitted by the
stack can be written as in Eq. (2.20). However, since now the electromagnetic waves
propagate the conservation of energy imposes
F
(A)
i = 1, F
(A)
r =
∣∣∣[Rˆ(ℓ)N ]AA∣∣∣2+ ∣∣∣[Rˆ(ℓ)N ]EA∣∣∣2 , F (A)t = ∣∣∣[Tˆ (ℓ)N ]AA∣∣∣2+ ∣∣∣[Tˆ (ℓ)N ]EA∣∣∣2 , (2.23)
and
F
(A)
r +F
(A)
t = 1. (2.24)
Similarly, for incident electromagnetic waves the conservation of energy imposes
F
(E)
i = 1, F
(E)
r =
∣∣∣[Rˆ(ℓ)N ]EE∣∣∣2+ ∣∣∣[Rˆ(ℓ)N ]AE∣∣∣2 and F (E)t = ∣∣∣[Tˆ (ℓ)N ]EE∣∣∣2+ ∣∣∣[Tˆ (ℓ)N ]AE∣∣∣2 (2.25)
and
F
(E)
r +F
(E)
t = 1. (2.26)
The presence of cross-terms in Eqs (2.23) and (2.25) is the main difference with respect to
the elastic frequency regime. It can be demonstrated that the cross terms are identical, i.e.∣∣∣[Tˆ (ℓ)N ]EA∣∣∣2 = ∣∣∣[Tˆ (ℓ)N ]AE∣∣∣2 and ∣∣∣[Tˆ (ℓ)N ]EA∣∣∣2 = ∣∣∣[Tˆ (ℓ)N ]AE∣∣∣2 . (2.27)
Illustrative examples. From a physical point of view, Eq. (2.27) predicts that the ratio
of the cross-term contribution to the transmitted energy is the same for both elastic and
electromagnetic incident waves.
Fig. 2.5 shows reflectance and transmittance through a single layer in the electromagnetic
frequency regime. In panel (a) an elastic incident wave is assumed while panel (b) refers to
an electromagnetic incident wave. The physical parameters of the slab are the same as those
used in Fig. 2.3.
The possibility to transduce an elastic wave into an electromagnetic wave (or vice versa) is
investigated in Fig. 2.6. The transmitted cross-term in Eq. (2.27) is analysed for a structure
whose building block is the same as in Fig. 2.2. Fig. 2.6(a) refers to N = 1 while Fig.
2.6(b) to N = 10. The cross-term transmitted energy through a single slab is limited to
≈ 5% of the incident energy. A stack of N = 10 building blocks affects the cross-term
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Fig. 2.5 Reflectance (red solid line) and transmittance (blue dashed lines) at oblique incidence
(ky = 1/β ) and N = 1. We used the same building block as in Fig. 2.3. Panel (a) refers to an
elastic incident wave while panel (b) refers to an electromagnetic incident wave. The frequency of the
incident waves is in the electromagnetic frequency regime.
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Fig. 2.6 Cross-term contributions to the transmittance spectrum at oblique incidence (ky = 1/β ).
The parameters are the same as those used in Fig. 2.2. Panel (a) refers toN = 1 while panel (b) to
N = 10.
transmittance. Specifically, transmission resonances of ≈ 25% efficiency contribute to the
transmitted spectrum.
The cross-term transmittance is typical of the electromagnetic frequency regime where
elastic and electromagnetic wave propagate, coupled by the boundary conditions. Its careful
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calculation is a significant result in the quantification of elastic-into-electromagnetic-wave
energy conversion. This is further investigated in section 2.3.
x
y(2) (1)
EM wave
EL wave
Fig. 2.7 The diagram illustrates the decomposition of an incident electromagnetic wave into elastic
(EL, blue arrows) and electromagnetic (EM, orange arrows), reflected and transmitted contributions.
The angle of the propagating waves with respect to the normal to the interface are schematically
reported off-scale.
2.3 Additional remarks on oblique incidence
In experiments, it is common practice to set the angle of incidence with respect to the normal
to an interface rather than ky, the parallel component to the interface of the wave vector. A
possible configuration is represented in Fig. 2.7, where two semi-infinite piezoelectric media
are distinguished by the symbols “(1)” (right) and “(2)” (left). The angle of incidence and
refraction of a transverse magnetic wave are denoted by ψ(2)EM, ψ
(1)
EM, respectively. Similarly
the angles of propagation in media (1) and (2) of the generated shear elastic wave are
ψ(2)EL ,ψ
(1)
EL . Given the configuration in Fig. 2.7, the angle of refraction is related to the angle
of incidence via the Snell laws
sin(ψ(2)EL )
sin(ψ(1)EL )
=
v2
v1
, and
sin(ψ(2)EM)
sin(ψ(1)EM)
=
c2
c1
, (2.28)
where ci and vi, i = {1,2}, are the shear elastic and transverse magnetic wave speeds (1.20),
respectively, in material ( j). The assumption underlying Eqs (2.28) is the conservation of ky
at the interface in Fig. 2.7 (see e.g. Born and Wolf [7]). The initial Ansätze (1.97) assume
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that ky is the same for electromagnetic and elastic waves. This implies that
ky
ω
=
sin(ψ( j)EM)
c j
=
sin(ψ( j)EL )
v j
=⇒ sin(ψ
( j)
EL )
sin(ψ( j)EM)
=
v j
c j
≪ 1. (2.29)
From the definitions (1.20), for PZT we estimate v2/c2 ≈ 2.3× 10−4 and for BaTiO3 we
estimate v1/c1 ≈ 3.9×10−3. A consequence of Eq. (2.29) is that the propagation angles of
elastic waves can be assumed to be zero, for every ψ(2)EM ̸= 0. The x components of the wave
vectors, given in Eq. (1.102), can be rewritten using Eqs (2.28) and (2.29). The substitution
gives
ri =
ω
vi
cos(ψ(i)EL)≈
ω
vi
, i = {1,2},
q1 =
ω
c1
cos(ψ(1)EM) =
ω
c1
√
1−
(
c1
c2
)2
sin2(ψ(2)EM), q2 =
ω
c2
cos(ψ(2)EM). (2.30)
In order to simplify the notation, we introduce the definition
α = ψ(2)EL . (2.31)
We emphasise that the plus sign in front of the square root in the expression for q1 (Eqs
(2.30)) is the only physically acceptable option. In fact, for α > ψth where
sinψth =
c2
c1
, and c2/c1 < 1, (2.32)
q1 in Eqs (2.30) is purely imaginary. A minus sign would lead to growing transmitted field
as the distance from the interface is increased. The angle ψth in (2.32) is the angle of total
reflection for electromagnetic waves from an interface between two media with c2 < c1
(see e.g. [7]). In the case c2 > c1, Im(q1) = 0 in Eq. (2.30) and transverse magnetic waves
propagate in the structure.
Fresnel-like formulae. Our aim here is to express the reflection and transmission coeffi-
cients (2.8) and (2.9) in term of the angle of incidence α of electromagnetic waves. This is
the only angle needed in the formulation of the problem as it follows from Eqs (2.29) and
(2.30). The entries of the reflection and transmission matrices in Eqs (2.8) and (2.9) in terms
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of the angle of incidence α , yield
R(ℓ)AA =−
ie2iωx1/v2
D˜
[
sin2α
c22
(
e1
ε1
− e2
ε2
)2
+
(
G1
v1
− G2
v2
)
 1
ε1c1
√
1−
(
c1
c2
)2
sin2α+
cosα
ε2c2
 ,
R(ℓ)AE =−R(ℓ)EA =−
2i
D˜
e+iω(cosα/c2+1/v2)x1
sinα
c2
√
G2
v2
√
cosα
ε2c2
(
e1
ε1
− e2
ε2
)
,
R(ℓ)EE =−
ie2iω cosα x1/c2
D˜
[
sin2α
c22
(
e1
ε1
− e2
ε2
)2
+
(
G1
v1
+
G2
v2
)
 1
ε1c1
√
1−
(
c1
c2
)2
sin2α− cosα
ε2c2
 , (2.33)
where we have introduced
D˜ =D/ω2 =
sin2α
c22
(
e1
ε1
− e2
ε2
)2
+
(
G1
v1
+
G2
v2
) 1
ε1c1
√
1−
(
c1
c2
)2
sin2α+
cosα
ε2c2
 . (2.34)
The entries of the transmission matrix in (2.6) for waves incident from the left are
T (ℓ)AA =
2
D˜
e−iω(1/v1−1/v2)x1
√
G1
v1
√
G2
v2
 1
ε1c1
√
1−
(
c1
c2
)2
sin2α+
cosα
ε2c2
 ,
T (ℓ)AE =−
2
D˜
e+iω(cosα/c2−1/v1)x1
sinα
c2
√
G1
v1
√
cosα
ε2c2
(
e1
ε1
− e2
ε2
)
,
T (ℓ)EE =
2
D˜
e−iω(q1(α)/ω−cosα/c2)x1
(
G1
v1
+
G2
v2
)
×
√
1
ε1c1
(
1−
(
c1
c2
)2
sin2α
) 1
4 √cosα
ε2c2
,
T (ℓ)EA =
2
D˜
e−i(q1(α)−ω/v2)x1
sinα
c2
√
G2
v2
√
1
ε1c1
(
1−
(
c1
c2
)2
sin2α
) 1
4 (e1
ε1
− e2
ε2
)
, (2.35)
where q1(α) denotes the expression for q1 in Eqs (2.30) as a function of the angle of inci-
dence α . The expressions (2.33) and (2.35) are the entries of the reflection and transmission
matrices (2.6) for waves incident from the left in term of the angle of incident of electro-
magnetic waves α , shear modulus Gi, dielectric constant εi, piezoelectric constants ei, shear
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elastic wave speeds vi and electromagnetic wave speeds ci, i = 1,2. It is useful to compare
(2.33) and (2.35) with the well known Fresnel formulae for TM electromagnetic waves [7]
and elastic shear waves [49] at the boundary between homogeneous materials. In the limit
e1 = e2 = 0, equations (2.33) become
R(ℓ)AA
∣∣∣
e1=e2=0
=−ie2iωx1/v2 G1v2−G2v1
G1v2+G2v1
,
R(ℓ)AE
∣∣∣
e1=e2=0
= R(ℓ)EA
∣∣∣
e1=e2=0
= 0,
R(ℓ)EE
∣∣∣
e1=e2=0
=−ie2iω cosα x1/c2

1
ε1c1
√
1−
(
c1
c2
)2
sin2α− cosαε2c2
1
ε1c1
√
1−
(
c1
c2
)2
sin2α+ cosαε2c2
 , (2.36)
and Eqs (2.35) become
T (ℓ)AA
∣∣∣
e1=e2=0
=2e−iω(1/v1−1/v2)x1
√
G1v1
√
G2v2
G1v2+G2v1
,
T (ℓ)AE
∣∣∣
e1=e2=0
= T (ℓ)EA
∣∣∣
e1=e2=0
= 0,
T (ℓ)EE
∣∣∣
e1=e2=0
=e−iω(q1(α)/ω−cosα/c2)x1
(
G1
v1
+
G2
v2
)
×
√
1
ε1c1
(
1−
(
c1
c2
)2
sin2α
) 1
4 √
cosα
ε2c2
1
ε1c1
√
1−
(
c1
c2
)2
sin2α+ cosαε2c2
. (2.37)
By substituting α = ψth (where ψth is defined in Eq. (2.32)) in the last of relations in (2.36)
and (2.37), we retrieve the classic result according to which the reflection and transmission
coefficients of transverse magnetic have modulus one and zero, respectively. In the presence
of piezoelectric effect, the reflectance obtained from the last of (2.33) is not one because an
elastic wave is generated at the same time.
2.4 Summarising remarks on chapter 2
In summary, by using the multiple scattering method, we derived the expressions for the
transmission and reflection matrices for out-of-plane shear elastic waves and transverse
magnetic waves.
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The threshold frequencies identified in chapter 1 allowed us to study the scattering
problem in two frequency regimes: the elastic frequency regime, addressed in section
2.2.1, where only elastic energy propagates and the electromagnetic field is localised; and
the electromagnetic frequency regime, analysed in section 2.2.2, where both elastic and
electromagnetic waves propagate.
Reflectance and transmittance have been evaluated via a recurrence procedure (see Eqs
(2.17)). The conceptual steps are as follows: first we calculate the reflection and transmission
matrices associated with an interface between two semi-infinite piezoelectric materials; we
then obtain the reflection and transmission matrices for a single piezoelectric layer embedded
in a infinite hosting material; given the reflection and transmission matrices for (s)-layers,
the reflection and transmission matrices for (s+1)-layers then are evaluated from Eqs (2.17).
For a sufficiently large s, at a frequency corresponding to a stop band in the corresponding
periodic system, the transmission across the piezoelectric interface becomes negligibly small.
The cross-term transmittance, corresponding to conversion of elastic energy into electro-
magnetic and vice versa, has been analysed in detail.
In section 2.3, the scattering problem is expressed there in terms of the incidence angle α
for electromagnetic waves.
The cross-term contributions to the propagating energy is produced by the piezoelectric
effect via the interface continuity (2.3). This effect is illustrated in Fig. 2.6 at a fixed
transverse component of the wave vector ky.

Chapter 3
Bloch-Floquet waves in checkerboard
piezoelectric structures
In this chapter, we study a 2D periodic piezoelectric checkerboard structure, where “white”
rectangles are made of an isotropic material and the “black” ones of a piezoelectric material
belonging to the hexagonal symmetry class. For the axis of symmetry lying in the plane of the
checkerboard, we derive the coupled partial differential equations and interface conditions for
elastic and electromagnetic quantities. Bloch-Floquet quasi-periodicity conditions are used
to reduce the problem to a single unit cell. In addition, perfect contact conditions and charge-
free conditions are set at the interfaces between the materials. The corresponding dispersion
curves for Bloch-Floquet waves are obtained solving the partial differential equations with
the use of a finite element package. Several configurations of the in-plane polarisation vectors
are taken into account.
3.1 Formulation of the problem
A piezoelectric doubly-periodic structure is schematically shown Fig. 3.1, where the lattice
vectors are
r1 = Lx
(
1
0
)
and r2 = Ly
(
0
1
)
, (3.1)
and the unit cell is the yellow semitransparent region of sides Lx and Ly. Using Eq. (3.1) into
Eq. (1.34), the lattice vectors for the reciprocal lattice are
A1 =
2π
Lx
(
1
0
)
, and A2 =
2π
Ly
(
0
1
)
. (3.2)
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In this chapter, a Bloch vector k belongs to the first Brillouin zone for the checkerboard-like
structure, i.e.
k = α1A1+α2A2, with (α1,α2)T ∈ [−1/2,1/2]× [−1/2,1/2], (3.3)
where A1 and A2 have been introduced in Eq. (3.2). Representative points within the first
r1
r2
(2)
(1)
· O
Fig. 3.1 A checkerboard-like periodic structure where white and grey rectangles are different
materials, denoted by indices (1) and (2), respectively. Material (1) is an isotropic dielectric and
material (2) is piezoelectric. The yellow semi-transparent region encloses the unit cell delimited
by the lattice vectors r1 and r2 in Eq. (3.5) (black arrows). The point O represents the origin of a
Cartesian system of coordinates, with its x−axis and y−axis parallel to r1 and r2, respectively, and
the z−axis pointing out of plane.
Brillouin zone of the checkerboard are
Γ=
(
0
0
)
, X =−A = π
(
1/Lx
1/Ly
)
, M = π
(
1/Lx
0
)
, B =−C = π
(
1/Lx
−1/Ly
)
. (3.4)
The points X and M introduced in Eq. (3.4) should not be confused with those introduced
in Eq. (1.62) in the context of a triangular lattice. We denote by r = (x,y)T a 2D Cartesian
system of coordinates whose origin is located at the point O in Fig. (3.1). The areas enclosing
r ∈ X(n)1 =
[(
n1− 14
)
Lx,
(
n1+
1
4
)
Lx
]
×
[(
n2− 14
)
Ly,
(
n2+
1
4
)
Ly
]
, n = (n1,n2)T ∈ Z2,
(3.5)
3.1 Formulation of the problem 73
are the white rectangles of Fig. 3.1; and the areas enclosing
r ∈ X(n)2 =
[(
n1+
1
4
)
Lx,
(
n1+
3
4
)
Lx
]
×
[(
n2+
1
4
)
Ly,
(
n2+
3
4
)
Ly
]
, n = (n1,n2)T ∈ Z2,
(3.6)
are the grey rectangles of Fig. 3.1. White and grey rectangles in Fig. 3.1 denote two different
materials with indices (1) and (2), respectively. We assume that (1) is a dielectric isotropic
material and (2) is a piezoelectric material.
Transformation under rotations of constituitive tensors. With reference to the stress-
charge constituitive relations (1.10), we would like to remind the general transformation
rules which apply to the stiffness matrix cˆ, piezoelectric coupling matrix eˆ and the dielectric
matrix εˆ , when the symmetry axis of a 6mm piezoelectric material is rotated. We introduce
the Euler angles
α = (α1,α2,α3)T, (3.7)
where αi, i = {1,2,3}, are elementary rotation angles around the x, y and z axes of a 3D
Cartesian system of coordinates. Denoting by a superscript “′” the transformed tensors, the
transformation equations are [3]
cˆ′ = Mˆ(α ) cˆ (Mˆ(α ))T, eˆ′ = Rˆ(α ) eˆ MˆT(α ), εˆ ′ = Rˆ(α ) εˆ RˆT(α ), (3.8)
where
Rˆ(α ) = Rˆ1(α1)Rˆ2(α2)Rˆ3(α3), with Rˆ1(α1) =
1 0 00 cosα1 −sinα1
0 sinα1 cosα1
 ,
Rˆ2(α2) =
cosα2 0 −sinα20 1 0
sinα2 0 cosα2
 , Rˆ3(α3) =
cosα3 −sinα3 0sinα3 cosα3 0
0 0 1
 , (3.9)
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and
Mˆ(α ) =

R211 R
2
12 R
2
13 2R23R13 2R13R11 2R11R12
R221 R
2
22 R
2
23 2R22R23 2R23R21 2R21R22
R231 R
2
32 R
2
33 2R32R33 2R33R31 2R31R32
R21R31 R22R32 R23R33 R22R33+R23R32 R21R33+R23R31 R22R31+R21R32
R31R11 R32R12 R33R13 R12R33+R13R32 R13R31+R11R33 R11R32+R12R31
R11R21 R12R22 R13R23 R12R23+R13R22 R13R21+R11R23 R11R22+R12R21

,
(3.10)
with Ri j = (Rˆ(α ))i j.
For example, for a spontaneous polarisation of the piezoelectric material pointing towards
positive x-coordinates, the Euler angles in the transformation (3.8) are α = (0,−π/2,0)T,
yielding
cˆx =

c33 c13 c13 0 0 0
c13 c11 c12 0 0 0
c13 c12 c11 0 0 0
0 0 0 12(c11− c12) 0 0
0 0 0 0 c44 0
0 0 0 0 0 c44

, eˆx =
e33 e31 e31 0 0 00 0 0 0 0 e15
0 0 0 0 e15 0
 ,
εˆx = diag(ε33,ε11,ε11), (3.11)
where the subscript x denotes the direction along which the polarisation points. Similarly,
for the spontaneous polarisation being directed towards positive y−coordinates, the Euler
angles in the transformations (3.8) are α = (π/2,0,0)T, yielding
cˆy =

c11 c13 c12 0 0 0
c13 c33 c13 0 0 0
c12 c13 c11 0 0 0
0 0 0 c44 0 0
0 0 0 0 12(c11− c12) 0
0 0 0 0 0 c44

, eˆy =
 0 0 0 0 0 e15e31 e33 e31 0 0 0
0 0 0 e15 0 0
 ,
εˆy = diag(ε11,ε33,ε11), (3.12)
where the subscript y denotes the direction towards which the polarisation points.
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Fig. 3.2 Arrows in panels (a) and (b) represent the direction of the piezoelectric polarisation vectors
within the unit cell of a square (Lx = Ly) checkerboard. Panel (a) is referred to as parallel polarisations
and panel (b) as perpendicular polarisations. Panel (c) shows the first Brillouin zone for a square
checkerboard together with its representative points (3.4).
3.1.1 Governing equations
The in-plane vector problem of elasticity in a bulk piezoelectric medium has been formulated
in section 1.1.2. It has been shown there that the equations for in-plane elasticity are coupled
to that for the transverse electric field. In this section we formulate the Bloch-Floquet problem
for a doubly-periodic checkerboard-like structure represented in Fig. 3.1. Both elastic and
electromagnetic waves propagate through the structure. The Newton equations (1.1) are
rewritten under the plain-strain assumption
sxz = syz = szz = 0, (3.13)
which apply to the strain components (1.9). The full set of Maxwell equations in Eq. (1.3) is
assumed. We study two configurations of the polarisation vectors in the unit cell, schemati-
cally shown in Fig. 3.2(a) (parallel polarisations) and 3.2(b) (perpendicular polarisations).
The orientation of the polarisation vectors are parallel to the x−axis and y−axis, and the
corresponding constituitive tensors are given in Eqs (3.11) and (3.12).
x−polarised piezoelectric material. Under the plain-strain assumption (3.13) and using
the constituitive tensors in Eq. (3.11), the stress-strain constituitive relation in Eq. (1.14)
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gives
σxx = c33
∂ux
∂x
+ c13
∂uy
∂y
− e33Ex, σyy = c13∂ux∂x + c11
∂uy
∂y
− e31Ex,
σzz = c13
∂ux
∂x
+ c12
∂uy
∂y
− e31Ex, σyz = 0,
σxz =−e15Ez, σxy = c44
(
∂uy
∂x
+
∂ux
∂y
)
− e15Ey; (3.14)
while the constituitive relation for the electric displacement in Eq. (1.14) yields
D =

e33 ∂ux∂x + e31
∂uy
∂y + ε33Ex
e15
(
∂ux
∂y +
∂uy
∂x
)
+ ε11Ey
ε11Ez

. (3.15)
Because of transverse isotropy, all the derivatives with respect to the z−coordinate are zero
in the Newton equations (1.1). After using Eqs (3.14), the first, second and third equations
(1.1), yield the following governing equations for a 6mm x-polarised piezoelectric material
c33
∂ 2ux
∂x2
+ c44
∂ 2ux
∂y2
+(c13+ c44)
∂ 2uy
∂x∂y
− e15∂Ey∂y − e33
∂Ex
∂x
=−ρω2ux,
c44
∂ 2uy
∂x2
+ c11
∂ 2uy
∂y2
+(c13+ c44)
∂ 2ux
∂x∂y
− e15∂Ey∂x − e31
∂Ex
∂y
=−ρω2uy,
∂Ez
∂x
= 0, (3.16)
respectively. Since we seek for time-harmonic solutions of angular frequency ω , in Eqs
(3.16) we used ∂/∂ t(·) = −iω . The last equation (3.16) into the Maxwell equations (1.3)
gives
∂Ey
∂x
− ∂Ex
∂y
= iµωHz,
∂Hz
∂y
=−iωDx,
∂Hz
∂x
= iωDy. (3.17)
Using the constituitive equations (3.15) and the second and third relations in Eqs. (3.17),
we can express the in-plane components of the electric field (Ex and Ey) in terms of the
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transverse component of the magnetic field (Hz), yielding
Ex =
1
ε33
(
i
ω
∂Hz
∂y
− e33 ∂ux∂x − e31
∂uy
∂y
)
, Ey =− 1ε11
[
e15
(
∂ux
∂x
+
∂uy
∂y
)
+
i
ω
∂Hz
∂x
]
. (3.18)
By substituting the expressions (3.18) in the left side of the first equation (3.17), we get(
1
ε11
∂ 2
∂x2
+
1
ε33
∂ 2
∂y2
)
Hz+µω2Hz = iω
e15
ε11
(
∂ 2uy
∂x2
+
∂ 2ux
∂x∂y
)
− iω
ε33
(
e33
∂ 2ux
∂x∂y
+ e31
∂ 2uy
∂y2
)
. (3.19)
Similarly, the substitutions of Eqs (3.18) into the first two Newton equations (3.16) gives(
c33+
e233
ε33
)
∂ 2ux
∂x2
+
(
c44+
e215
ε11
)
∂ 2ux
∂y2
+
(
c44+ c13+
e215
ε11
+
e33e31
ε33
)
∂ 2uy
∂x∂y
+ρω2ux
=
i
ω
(
e15
ε11
− e33
ε33
)
∂ 2Hz
∂x∂y
,(
c44+
e215
ε11
)
∂ 2uy
∂x2
+
(
c11+
e231
ε33
)
∂ 2uy
∂y2
+
(
c44+ c13+
e215
ε11
+
e33e31
ε33
)
∂ 2ux
∂x∂y
+ρω2uy
=
i
ω
(
e31
ε33
∂ 2
∂y2
− e15
ε11
∂ 2
∂x2
)
Hz. (3.20)
Eqs (3.19) and (3.20) are coupled partial differential equations which govern the in-plane
problem of elasticity and transverse magnetic field for a x−polarised piezoelectric material.
y−polarised piezoelectric material. We deduct here coupled partial differential equations
which govern the transverse magnetic field and the in-plane components of the displacement
for a y−polarised piezoelectric material. Exchanging the x− and y−coordinates in Eqs (3.19)
and (3.20), we obtain(
1
ε11
∂ 2
∂y2
+
1
ε33
∂ 2
∂x2
)
Hz+µω2Hz = iω
e15
ε11
(
∂ 2ux
∂y2
+
∂ 2uy
∂x∂y
)
− iω
ε33
(
e33
∂ 2uy
∂x∂y
+ e31
∂ 2ux
∂x2
)
, (3.21)
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and (
c33+
e233
ε33
)
∂ 2uy
∂y2
+
(
c44+
e215
ε11
)
∂ 2uy
∂x2
+
(
c44+ c13+
e215
ε11
+
e33e31
ε33
)
∂ 2ux
∂x∂y
+ρω2uy
=
i
ω
(
e15
ε11
− e33
ε33
)
∂ 2Hz
∂x∂y
,(
c44+
e215
ε11
)
∂ 2ux
∂y2
+
(
c11+
e231
ε33
)
∂ 2ux
∂x2
+
(
c44+ c13+
e215
ε11
+
e33e31
ε33
)
∂ 2uy
∂x∂y
+ρω2ux
=
i
ω
(
e31
ε33
∂ 2
∂x2
− e15
ε11
∂ 2
∂y2
)
Hz, (3.22)
respectively.
Linear elastic material. The in-plane equations for a linear elastic material with first and
second Lame´ parameters λ and η , respectively, and density ρ ′ is the Lame´ equation
η∇2u+(λ +η)∇(∇ ·u)+ρ ′ω2u = 0. (3.23)
By assuming that the material is a dielectric with dielectric constant ε and denoting by µ the
magnetic permeability of the vacuum, the governing equation for the magnetic field H are
∇2H +µεω2H = 0. (3.24)
3.1.2 Interface conditions
In the previous section, we have shown that the governing equations for elastic and electro-
magnetic quantities for in-plane polarised piezoelectric materials can be reduced to a system
of three coupled partial differential equations. Specifically, Eqs (3.19) and (3.20) govern
a x−polarised piezoelectric; and Eqs (3.21) and (3.22) govern a y−polarised piezoelectric.
In a periodic checkerboard-like metamaterial as that represented in Fig. 3.1 the following
Bloch-Floquet boundary conditions apply
u(r+n1r1+n2r2) = eik(n1r1+n2r2)u(r), σˆ(r+n1r1+n2r2) = eik(n1r1+n2r2)σˆ(r),
H(r+n1r1+n2r2) = eik(n1r1+n2r2)H(r), D(r+n1r1+n2r2) = eik(n1r1+n2r2)D(r), (3.25)
where r = (x,y)T, n1, n2 ∈ Z, r1 and r2 are the lattice vectors (3.1), and k is the Bloch
vector (3.3). At vertical interfaces x = n1Lx/2, n1 ∈ Z, perfect contact conditions (1.5) and
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charge-free conditions (1.4) yield
ux(x,y)|x=(n1Lx/2)+− ux(x,y)|x=(n1Lx/2)− = 0, uy(x,y)|x=(n1Lx/2)+− uy(x,y)|x=(n1Lx/2)− = 0,
σxx(x,y)|x=(n1Lx/2)+− σxx(x,y)|x=(n1Lx/2)− = 0, σxy(x,y)|x=(n1Lx/2)+− σxy(x,y)|x=(n1Lx/2)− = 0,
Hz(x,y)|x=(n1Lx/2)+− Hz(x,y)|x=(n1Lx/2)− = 0, Dx(x,y)|x=(n1Lx/2)+− Dx(x,y)|x=(n1Lx/2)− = 0,
(3.26)
for y ∈ (−∞,∞). At horizontal interfaces y = n2Ly/2, n2 ∈ Z, perfect contact conditions
(1.5) and charge-free conditions (1.4), give
ux(x,y)|y=(n2Ly/2)+− ux(x,y)|y=(n2Lx/2)− = 0, uy(x,y)|y=(n2Ly/2)+− uy(x,y)|y=(n2Ly/2)− = 0,
σyy(x,y)|y=(n2Ly/2)+− σyy(x,y)|y=(n2Ly/2) = 0, σxy(x,y)|y=(n2Ly/2)− σxy(x,y)|y=(n2Ly/2)− = 0,
Hz(x,y)|y=(n2Ly/2)+− Hz(x,y)|y=(n2Ly/2)− = 0, Dy(x,y)|y=(n2Ly/2)+− Dy(x,y)|y=(n2Ly/2)− = 0,
(3.27)
for x ∈ (−∞,∞).
3.2 Bloch-Floquet waves
We solve here the Bloch-Floquet problem formulated in the previous section. The unit cells
in Figs 3.2(a) and 3.2(b) is made of Lead Zirconate Titanate (also known as “PZT", grey
areas), a 6mm piezoelectric material, and Nylon 66 (also known as “PA66”, white areas),
a synthetic macromolecule with isotropic elastic and dielectric responses: the dielectric
permittivity is ε/ε0 = 3.2, the first and second Lame´ parameters are λ = 7.93×108 N/m2
and η = 3.7× 108 N/m2, respectively, and the mass density is ρ ′ = 1150Kg/m3. The
material properties of PZT are listed in Table 3.1. The polarisation directions represented
in Fig. (3.2)(a) and Fig. (3.2)(b) are here investigated. The dispersion diagrams for
Elastic Stiffness Piezoelectric Coupling Relative Permittivity Density
([1010 N/m2]) ([C/m2]) ([Kg/m3])
c11 = 13.89 e31 =−5.2 ε11/ε0 = 762.5 ρ = 7500
c12 = 7.78 e33 = 15.1 ε33/ε0 = 663.2
c13 = 7.43 e15 = 12.7
c33 = 11.54
c44 = 2.56
Table 3.1 Material properties of the piezoelectric material Lead Zirconate Titanate (PZT).
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Fig. 3.3 Dispersion diagrams along the ΓXMBAΓ path within the first Brillouin. With reference to
Fig. 3.2(a) and 3.2(b), black dotted lines correspond to perpendicular polarisations and red solid lines
refer to parallel polarisations. The dashed blue curves correspond to the perpendicular polarisation
checkerboard for which piezoelectric coupling tensor has been set to zero, while leaving stiffness
and dielectric matrices unchanged. The materials used in these computations are PZT (the physical
parameters are listed in Table 3.1) and PA66. The side of the square is L = 0.5 m.
Bloch-Floquet waves are performed along the path ΓXBAΓ of Fig. 3.2(c).
For parallel polarisations (solid red lines), the dispersion curves along XB do not coincide
with those along BA. This is due to the symmetry properties of the unit cell with parallel
polarisations in Fig. 3.2(a). Specifically, the unit cell in Fig. 3.2(a) is symmetric with respect
to the diagonal passing through the white squares. In addition to this symmetry, the unit cell
with perpendicular polarisations (see Fig. 3.2(b)) exhibits π− rotational symmetry around
its centre. Finally, the configuration in which the piezoelectric effect has been set to zero is
symmetric with respect to both diagonals and is π−rotationally invariant around the centre.
These symmetries are responsible for the identity of the dispersion curves along XB and BA
for unit cells with perpendicular polarisations and absence of polarisation.
The high contrast between mechanical properties of the two materials produces a total
band gap in Fig. 3.3. In addition, we emphasise that the relative orientation of the piezoelec-
tric polarisations influences the opening of partial band gaps along ΓX and AΓ paths - cf. red
solid and black dotted lines.
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Fig. 3.4 Moduli of the displacement of Bloch waves over the unit cell. The colour map spans
from blue for minimum values to deep red to maximum values. S (perpendicular polarisations),
P (parallel polarisations) and N (no piezoelectric effect) refer to the cases in Fig. 3.3. The in-
dices j = {1,2,3} correspond to the frequency regions marked in Fig. 3.3 (b) in correspondence
of the X point within the Brillouin zone. For region 1 and 2 we here report eigenmodes corre-
sponding to the lowest eigenfrequencies; for region 3 the eigenmodes corresponding to the highest
eigenfrequencies are selected. Specifically for S j with j = {1,2,3} the angular frequencies are
ω = 11090.8(6),14165.7(3),21555.8(5) rad/s, respectively; for Pj with j = {1,2,3} the angular fre-
quencies are ω = 11047.0(8),14134.1(0), 21566.7(1) rad/s, respectively; for N j with j = {1,2,3}
the angular frequencies are ω = 10572.6(4),12446.1(4),21393.7(6) rad/s, respectively.
In Fig. 3.4, we show the modulus of Bloch-Floquet displacement waves, supported by
the checkerboard piezoelectric structure. The labels S j,P j, N j with j = {1,2,3} are used
here to identify the three representative groups of Bloch-Floquet waves, which correspond to
the frequency regions marked as 1,2,3, in the dispersion diagram 3.3. Here S j eigenmodes
correspond to orthogonal polarisation configurations, P j waveforms correspond to the case of
parallel polarisation, whereas the N j waveforms are obtained in the absence of piezoelectric
effect, and with stiffness and dielectric matrices as in the case of perpendicular polarisations.
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For the low-frequency region ( j= 1), the identified waveforms for non-polarised materials
(N1) and for the checkerboard with the orthogonal polarisation (S1), apart from piezoelectric
stiffening resulting in the higher frequency of waveform S1, are very similar. The similarity
is due to the fact that, although the piezoelectric coupling has been set to zero in N j, the
remaining stiffness tensors are the same as in S j. The case of parallel polarisation (P j) shows
significant differences, clearly indicating preferential directions linked to the choice of the
polarisation vectors.
In Fig. 3.4, it is also shown that the piezoelectric effect depends on the frequency range. In
particular, the group S2, P2, N2 includes waveforms of similar shape for parallel polarisations
and absence of piezoelectric effect, whereas the change is more pronounced in the transition
from the orthogonal polarisation (S2) to the parallel polarisation (P2). The higher frequency
group of eigenmodes (S3,P3,N3) shows examples of waveforms concentrated in the non-
piezoelectric phase.
3.3 Summarising remarks on chapter 3
In summary, we studied the in-plane vector problem of elasticity of a checkerboard-like
periodic piezoelectric structure with different configurations of the polarisation vectors lying
in-plane. In section 3.1 we have derived the partial differential equations for the in-plane
elasticity problem coupled to the out-of-plane magnetic field for x−polarised and y−polarised
piezoelectric materials. The partial differential equations are complemented with perfect
contact conditions, charge-free interface conditions and Bloch-Floquet conditions.
The Bloch-Floquet frequency dispersion curves and corresponding examples of Bloch-
Floquet waves have been evaluated and analysed in section 1.3. The focus was there on
qualitative and quantitative differences in the dispersive properties and eigenmodes of peri-
odic checkerboard structures with different orientations and magnitudes of the polarisation
vectors.
In the next chapter we propose a novel doubly periodic lattice system which contains
chiral resonators. This provides a mechanism of coupling between the dilatational and shear
wave forms.
Chapter 4
Shear and pressure waves in lattices with
tilted inertial resonators
In this chapter, we consider a vibrating triangular mass-truss lattice whose unit cell contains
a resonator of a triangular shape. A representation of the lattice is given in Fig. 4.1(a) and
details of the geometry of the resonators are represented in Fig. 4.1(b). The resonators are
connected to the triangular lattice by trusses. Each resonator is tilted, i.e. it is rotated with
respect to the triangular lattice’s unit cell through an angle ϑ0. This geometrical parameter is
responsible for the emergence of a resonant mode in the Bloch spectrum for elastic waves
and strongly influences the dispersive properties of the lattice.
The formulation of the spectral problem together with the governing equations for Bloch-
Floquet waves are described in section 4.1.
In section 4.2 we specify the chiral geometry of the resonator and analyse its dynamic
behaviour. Static degeneracy for a single resonator is identified as linked to the ϑ0 = 0
(untilted) configuration. Possible ways to overcome this limitation are described, including
finite tilting (ϑ0 ̸= 0) and the introduction of flexible links.
Section 4.3 is primarily concerned with the derivation of the dispersion equations and its
solution. Specifically, a detailed analysis of the dispersion diagrams, which show the radian
frequency as a function of the Bloch vector is provided. We identify standing waves and
examine the effects of the orientation of the resonator on the dispersive properties of the
lattice. Slowness contours and results concerning dynamic anisotropy are also presented in
section 4.3.
In section 4.4 we examine the dynamic behaviour of the lattice in which the orientation
of the resonators is non-uniform. Specifically, we compare the dispersive properties of the
triangular lattice with one resonator per unit cell with those of an oblique lattice whose unit
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Fig. 4.1 Panel (a): A schematic representation of the triangular elastic lattice containing resonators;
the unit cell of the lattice is highlighted in red. Panel (b), top: The vectors t 1 and t 2 are the primitive
vectors of the triangular mass-truss lattice; the vector r˜cm describes the rest position of the centre
of mass of the resonator; the tilting angle ϑ0 describes the rotation of the resonator about r˜cm; the
vectors b˜1, b˜2 and b˜3 identify the rest positions for the masses mo, relative to r˜cm. Panel (b), bottom:
The first Brillouin zone for the triangular lattice and the irreducible region (grey shaded region).
cell contains two tilted resonators. A difference in the tilting angles of the unit cell of the
oblique lattice is studied as an additional tuning parameter of the dispersive properties.
4.1 Formulation of the problem and description of geome-
try
Before studying the dynamical properties of the lattice system, it is necessary to introduce
some notation, the geometry and the equations of motion. For the sake of simplicity, we
restrict ourselves to the study of triangular lattices; such lattices are particularly interesting
as they are statically isotropic but exhibit strong dynamic anisotropy at finite frequencies, as
already outlined in 1.4.1. Subsequently, we specify the geometry and physical parameters
of the resonators embedded in the triangular lattice unit cell - see Fig. 4.1. We conclude
this section by stating the form of the equation of motion for a general two-dimensional
micro-structured lattice made of point masses and massless trusses.
4.1.1 Geometry of a resonator
The centre of mass of the triangular resonator is located at the point with position vector r˜cm,
as in Eq. (1.72), relative to the bottom left nodal point of the unit cell (Fig. 4.1(a)). The
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vector is schematically reported in Fig. 4.1(b). The vector b˜i with i = {1,2,3} shown in Fig.
4.1(b), is the position vector of the ith mass relative to the centre of mass r˜cm in Eq. (1.72).
The explicit expression is
b˜i = bRˆiβ˜ 1 = bRˆi
(
sinϑ0
cosϑ0
)
, with Rˆi = Rˆϑ
∣∣
ϑ=2π(i−1)/3 , (4.1)
where ϑ0 is the tilting angle, b = ℓ/
√
3, and
Rˆϑ =
(
cosϑ sinϑ
−sinϑ cosϑ
)
, (4.2)
is the clockwise rotation matrix. It follows that the ith mass belonging to the tilted inertial
resonator (TIR), embedded in an arbitrarily chosen unit cell n, is located at
x˜(n)i = x˜
(n)
0 + r˜cm+ b˜i, (4.3)
where x˜(n)0 are the nodal point of the hosting triangular lattice, and r˜cm and b˜i, i = {1,2,3},
are given in Eqs (1.72) and (4.1) respectively.
The vector linking the triangular lattice to the ith mass of the TIR (abbreviation for “Tilted
Inertial Resonator”) in the reference cell n = 0 is
α˜ i = Rˆiα˜ 1, with α˜ 1 = t 2− x˜(0)1 =
(
bsinϑ0
bcosϑ0−B
)
, (4.4)
where B = L/
√
3 and the matrix Rˆi is introduced in Eq. (4.1). For every i = {1,2,3}, the
norm of the vectors in Eq. (4.4) is
ℓr = ||α˜ i||= 1√
3
√
L2+ ℓ2−2ℓLcos(ϑ0). (4.5)
Given the set of vectors (4.1) and (4.4), we introduce the corresponding projector matrices
along the link directions of the lattice
πˆ1 =
1
ℓ2
(
b˜3− b˜2
)⊗ (b˜3− b˜2) , πˆ2 = 1
ℓ2
(
b˜1− b˜3
)⊗ (b˜1− b˜3) , πˆ3 = 1
ℓ2
(
b˜1− b˜3
)⊗ (b˜1− b˜3) ,
Πˆi =
1
ℓ2r
α˜ i⊗ α˜ i, i = {1,2,3}. (4.6)
In addition, the projector matrices τˆi, i = {1,2,3}, along the triangular lattice link directions
t 1, t 2 and t 3 = t 1− t 2 in Eq. (1.60) have been introduced in Eq. (1.65).
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4.1.2 Truss structure
The triangular lattice is formed from an array of point masses located at x˜(n)0 and connected to
neighboring masses by thin elastic rods. The rods are assumed to be massless and extensible,
with longitudinal stiffness cℓ, but not flexible, i.e. they are trusses. The links are represented
in Fig. 4.1(a) by thin solid lines. Additionally, each mass is connected to three resonators
by rods of the same type as the ambient lattice and longitudinal stiffness cℓo; these links are
denoted by the solid lines of intermediate thickness in Fig. 4.1(a).
The resonators themselves are composed of three point masses of magnitude mo, located
at vertices of a smaller equilateral triangle, and connected by massless trusses of longitudinal
stiffness co; these trusses are indicated by the thick solid lines in Fig. 4.1(a). The TIRs are
constrained such that they do not cross the links of the exterior lattice or those connecting
the resonator to the ambient lattice. It is easy to demonstrate that the constraints
0<
ℓ
L
<
1
2
and |ϑ0|< ϑmax = arcos
(
ℓ
L
)
, (4.7)
are sufficient to ensure the aforementioned conditions.
The solution to the Bloch-Floquet problem associated with a general lattice unit cell was
studied in [56]. For the case of massless trusses studied here, the Bloch-Floquet problem for
time-harmonic waves of angular frequency ω can be reduced [56] to the algebraic system[
Σˆ′(k)−ω2Mˆ ′
]
U ′k = 0, (4.8)
where Σˆ′k is a Hermitian positive semi-definite matrix containing information about the
geometry of the lattice and stiffness of the links and depends on the Bloch vector k. The
eigenvector U ′(k) ∈ Cdq defines the displacement amplitudes of the masses; for a lattice
with truss-like links d is the spatial dimension and q is the number of masses per unit cell.
The matrix Mˆ ′ is diagonal with entries corresponding to the magnitude of the masses in the
unit cell. Finally, the multiplicative factor e−iωt is omitted but understood.
For the geometry considered here, and shown in Fig. 4.1(a), d = 2 and q = 4. Therefore
the algebraic problem (4.8) is eight-dimensional. The column vector U ′(k), introduced
in (4.8) may be written in the form
U ′(k) =
(
uT0 (k), u
T
1 (k), u
T
2 (k), u
T
3 (k)
)T
, (4.9)
where ui(k) with i = {0,1,2,3} are the displacement amplitude vectors of the masses.
4.2 A single resonator: rotational wave-forms 87
  
(a)
  
(b)
Fig. 4.2 Schematic representations of a single hinged resonator. In each panel, the hinges are
represented by grey circles, located at the vertices of a equilateral triangle of side L. In each panel,
the resonators form an equilateral triangle of side ℓ, whose masses mo (empty circles) are located at
its vertices. Panel (a) represents the degenerate case corresponding to ϑ0 = 0; and panel (b) shows
the non-degenerate case corresponding to ϑ0 ̸= 0.
4.2 A single resonator: rotational wave-forms
In this section, we analyse a single hinged resonator (see Fig. 4.2). In this context, we identify
a degeneracy associated with ϑ0 = 0, shown in Fig 4.2(a). We show that the degeneracy
disappears when a non-zero tilting angle is considered - see the chiral geometry in Fig.
4.2(b). We assume that the resonator is a rigid-body and present the corresponding natural
frequencies. We conclude this section with a physical interpretation of the degeneracy
corresponding to non-tilted resonators.
We consider a single TIR and assume hinged conditions at the vertices of an equilateral
triangle of side length L (see Fig. 4.2(a)). The equations of motion for the time-harmonic
displacements of the masses at the vertices of the TIR are[
σˆ ′−ω2m0Iˆ6
]
U = 0, (4.10)
where U = (u1,u2,u3)T contains the aforementioned displacement amplitudes, mo is the
mass at every vertex, ω is the angular frequency, σˆ ′ is the stiffness matrix, and Iˆ6 is the 6×6
identity matrix. In Eq. (4.10), the stiffness matrix is
σˆ ′ =
cℓoΠˆ1+ coπˆ2+ coπˆ3 −coπˆ3 −coπˆ2−coπˆ3 cℓoΠˆ2+ coπˆ1+ coπˆ3 −coπˆ1
−coπˆ2 −coπˆ1 cℓoΠˆ3+ coπˆ2+ coπˆ1
 , (4.11)
where the projectors Πˆi and πˆi, are given in Eq. (4.6).
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Fig. 4.3 The natural frequencies of a single resonator where we compare Eqs. (4.12) (blue lines)
with FEM results (red squares). We take small ℓ and vary ϑ0. The remaining parameters are mo = 1,
L = 1, co = cℓo = 1.
4.2.1 Non-degenerate case
We use the notation Ω=ω2. For ϑ0 ̸= 0, solving the eigenvalue problem (4.10) with stiffness
matrix (4.11) gives
Ω(1)± =
1
2
cℓo
mo
1+ 3
2
co
cℓo
±
√
1+
9
4
(
co
cℓo
)2 ,
Ω(2)± =
1
2
cℓo+3co
mo
[
1±
√
1−4L
2
ℓ2r
cocℓo
(cℓo+3co)2
sin2ϑ0
]
, (4.12)
where the first two eigenvalues have multiplicity two, and the last two eigenvalues are of
multiplicity one; ℓr is given by (4.5). This demonstrates that for ϑ0 ̸= 0 both the structure and
the corresponding stiffness matrix are non-degenerate. For very small resonators ℓ/L→ 0,
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Fig. 4.4 The natural frequencies of a single resonator. We compare Eqs. (4.12) (blue lines) with FEM
results (red squares). We fix ϑ0 ≈ 1.32 and vary ℓ. The remaining parameters are mo = 1, L = 1,
co = cℓo = 1.
Ω(2)± has the limit
lim
ℓ/L→0
Ω(2)± =
1
2
cℓo+3co
mo
[
1±
√
1− 12cocℓo
(cℓo+3co)2
sin2ϑ0
]
, (4.13)
whereas Ω(1)± is independent of ℓ/L. The absence of degeneracy at non-zero tilting an-
gles and as ℓ is varied, is illustrated by Figs 4.3 and 4.4, respectively. In Fig. 4.3, we
compare the frequencies (4.12) (blue lines) with FEM numerical results obtained using
COMSOLMultiphysics® (red squares), as a function of ϑ0 and for at a fixed small value of
ℓ. In Fig. 4.4, a similar comparison is done by fixing ϑ0 ≃ 1.32 and varying ℓ.
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4.2.2 Degenerate case
For ϑ0 = 0, we observe that Ω
(2)
− = 0, as illustrated in Fig. 4.3. Therefore, the structure
represented in Fig. 4.2(a) is degenerate, that is
det
(
σˆ ′
)
= 0, (4.14)
where the stiffness matrix σˆ ′ is introduced in Eq. (4.11). Degeneracy is obtained also in the
trivial limits for a very soft resonator, i.e. co/cℓo → 0, and non-zero tilting angle. In this case,
we get Ω(1)− =Ω
(2)
− = 0.
4.2.3 Rigid-body approximation
Here we assume that
co/cℓo ≫ 1 and co/cℓ≫ 1, (4.15)
i.e. the TIR’s trusses are inextensible. In turn, this implies that the lengths of the links
connecting the vertices of the TIR are fixed to ℓ. Specifically, three spatial degrees of
freedom, corresponding to the relative motion of the three vertices of the TIRs, do not
contribute to the propagation of Bloch-Floquet waves. Therefore, in the limit (4.15), Eq.
(4.10) can be simplified further. In fact, the motion of a single rigid hinged resonator can be
described by a time-harmonic in-plane displacement of the centre of mass and an angular
displacement about the centre of mass. The natural frequencies of the system are
Ωcm =
3
2
cℓo
M
and Ωϑ =
cℓoℓ2
I
sin2ϑ0
1+ ℓ2/L2−2ℓ/Lcosϑ0 , (4.16)
where M = 3mo and I = moℓ2. In Eq. (4.16), Ωcm corresponds to the displacement of the
centre of mass and is consistent with Eq. (1.79), i.e. the natural frequency of a single point
resonator of mass mb = M = 3mo considered in section 1.4.1.The role of the resonator’s
microstructure emerges in the eigenfrequency Ωϑ , which describes the angular displacement
about the centre of mass. We observe that
Ωcm = lim
co→+∞
Ω(1)± , Ωϑ = limco→+∞
Ω(2)− and limco→+∞
Ω(2)+ =+∞, (4.17)
where Ω(1)± and Ω
(2)
± are eigenvalues given in Eq. (4.12) for the hinged single resonator with
soft ligaments. Eqs (4.17) show that the eigenvalues for a single rigid hinged resonator can
be retrieved as a limiting case from the eigenvalues in Eqs (4.12). The additional diverging
eigenvalue corresponds to the limiting case of high stiffness between the TIR’s vertices
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and thus can be disregarded in the dynamics of the problem. In addition, we note that the
degeneracy at zero tilting angle persists, as Ωϑ = 0 for ϑ0 = 0. This observation further
emphasises the fact that a chiral geometry of the ligaments is a necessary condition to
avoid degeneracy, if thin and non-bendable links are assumed. We finally observe that the
eigenvalues (4.16) coincide for the tilting angle
ϑ ∗0 = arccos
1
2
(
ℓ
L
+1
)
. (4.18)
4.2.4 Flexible links
We would like to remark that the degeneracy corresponding to Eq. (4.14), arises from
neglecting bending deformations of the hinged links. Conversely, a finite bending stiffness
B = EI , where E represents the Young’s modulus and I is the second moment of inertia
of the beam, would lead to a different frequency calculated as follows. We allow the links
between the hinges and the TIR to be flexible beams, with a given bending stiffness B. We
assume that the longitudinal elongations of the links are negligible. The TIR is assumed to
be a rigid-body. We fix the y-axis of a Cartesian coordinate system to be parallel to the top
link in Fig. 4.2(a), pointing downwards. We fix the origin to coincide with the top hinge. By
symmetry considerations, each link produces the same torque on the rigid resonator. Hence,
without loss of generality, it is sufficient to study a single beam, e.g. the one along the y-axis.
The massless beam assumption implies that the flexural displacement is
w(y) = w(y)xˆ =
(
A0+A1y+A2y2+A3y3
)
xˆ, (4.19)
where xˆ denote the unit vector along the x-axis and Ai are real constants to be determined
from the conditions at the ends of the beam. Hinged junction conditions at y = 0 read
w(0) = w′′(0) = 0 =⇒A0 =A2 = 0. (4.20)
We denote by ϑ(t) the angular oscillation of the resonator around ϑ0 = 0 and assume positive
angles in the clockwise direction. At the junction between the resonator and the beam,
located at y = (L− ℓ)/√3, clamped conditions apply. Clamped conditions can be expressed
to leading order in ϑ(t) as
w(y)|y=(L−ℓ)/√3 ≃
ϑ(t)ℓ√
3
and w′(y)
∣∣
y=(L−ℓ)/√3 =−ϑ(t). (4.21)
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Fig. 4.5 The natural frequencies of a single resonator. In panels (a) and (b) we compare Eqs. (4.12)
(blue lines) with FEM results (red squares). We compare the analytical predictions (4.25) and (4.26)
(solid blue and dashed blue line, respectively) with FEM results (red squares) as a function of ℓ. We
fix the Young’s modulus to be E0 ≈ 1.38× 103 and the cross-sectional radius r ≈ 0.01. The other
parameters are mo = 1 and L = 1.
By substituting the expression (4.19) into Eqs (4.20) and (4.21), we get
A3 =−32
L
(L− ℓ)3ϑ(t) and A1 =
L/2+ ℓ
L− ℓ ϑ(t). (4.22)
The Newton equation for the small angular oscillations of the resonator is
I
d2ϑ(t)
dt2
= 3M , (4.23)
where we have introduced the moment
M = Bw′′(y)
∣∣
(L−ℓ)/√3 =−
3
√
3LB
(L− ℓ)2ϑ(t), (4.24)
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exerted on the resonators by each of the three beams. The substitution of Eq. (4.24) into Eq.
(4.23) gives time-harmonic solutions of angular frequency squared
Ω(b) = 9
√
3
L
ℓ2(L− ℓ)2
B
mo
. (4.25)
Eq. (4.25) is a non-zero frequency at zero tilting angle, corresponding to the rotational motion
of the resonator in Fig. 4.2(a) with flexible hinged links. Fig. 4.5 shows agreement between
Eq. (4.25) (solid blue line) and FEM numerical results (red squares), as ℓ is varied. The
translational frequency for a rigid resonator with hinged flexible links of Young’s modulus E
and cross-sectional surface S = πr2 can be directly obtained from the first of Eqs (4.16). Its
expression is
Ω(t) =
√
3
2
S
L− ℓ
E
mo
, (4.26)
and it is compared in Fig. 4.5 (blue dashed line) against FEM computations (red squares) as
a function of ℓ.
4.3 Bloch-Floquet waves in a lattice with tilted resonators
Having examined the behaviour of a single resonator in the previous section, we now proceed
to consider the dispersive properties of a two-dimensional triangular lattice with resonators;
the geometry is shown in Fig. 4.1(a).
Equations of motion. The primary object of study is the algebraic system (4.8), which
can be derived using the Newton equations for the nodal points of the structured lattice in
Fig. 4.1(a). The displacements of the masses which compose the TIR (white hollow circles
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in Fig. 4.1(a)) obey the following Newton equations
moω2u
(n)
1 (k) = cℓo Πˆ1
(
u(n)1 (k)−u(n+p2)0 (k)
)
+ coπˆ3
(
u(n)1 (k)−u(n)2 (k)
)
+ coπˆ2
(
u(n)1 (k)−u(n)3 (k)
)
,
moω2u
(n)
2 (k) = cℓo Πˆ2
(
u(n)2 (k)−u(n+p1)0 (k)
)
+ coπˆ3
(
u(n)2 (k)−u(n)1 (k)
)
+ coπˆ1
(
u(n)2 (k)−u(n)3 (k)
)
,
moω2u
(n)
3 (k) = cℓo Πˆ3
(
u(n)3 (k)−u(n)0 (k)
)
,
+ coπˆ2
(
u(n)3 (k)−u(n)1 (k)
)
+ coπˆ1
(
u(n)3 (k)−u(n)2 (k)
)
.
(4.27)
The displacement for the nodal point n of the triangular lattice (solid circles in Fig. 4.1(a)) is
−mω2u(n)0 (k) = cℓ τˆ1
(
u(n+p1)0 (k)+u
(n−p1)
0 (k)−2u(n)0 (k)
)
+ cℓ τˆ2
(
u(n+p2)0 (k)+u
(n−p2)
0 (k)−2u(n)0 (k)
)
+ cℓ τˆ3
(
u(n+p1−p2)0 (k)+u
(n+p2−p1)
0 (k)−2u(n)0 (k)
)
+ cℓo Πˆ1
(
u(n−p2)1 (k)−u(n)0 (k)
)
+ cℓo Πˆ2
(
u(n−p1)2 (k)−u(n)0 (k)
)
+ cℓo Πˆ3
(
u(n)3 (k)−u(n)0 (k)
)
. (4.28)
In Eqs (4.27) and (4.28) we introduce the notation p1 = (1,0)
T and p2 = (0,1)
T.
Bloch-Floquet conditions. Bloch-Floquet conditions for the displacements are
u(n+m)i (k) = e
ik·Tˆ mu(n)i (k), (4.29)
where i = {0,1,2,3} and Tˆ is the matrix whose columns coincide with the primitive vectors
of the triangular lattice, t 1 and t 2 in Eq. (1.60). After imposing the Bloch-Floquet conditions
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(4.29), Eqs (4.27) and (4.28) depend on nodal points in the cell n, yielding
moω2u1(k) = cℓo Πˆ1
(
u1(k)− eik·t 2u0(k)
)
+ coπˆ3 (u1(k)−u2(k))+ coπˆ2 (u1(k)−u3(k)) ,
moω2u2(k) = cℓo Πˆ2
(
u2(k)− eik·t 1u0(k)
)
+ coπˆ3
(
u2(k)−u(n)1 (k)
)
+ coπˆ1 (u2(k)−u3(k)) ,
moω2u3(k) = cℓo Πˆ3 (u3(k)−u0(k))
+ coπˆ2 (u3(k)−u1(k))+ coπˆ1 (u3(k)−u2(k)) . (4.30)
and
−mω2u0(k) = 2cℓ τˆ1 (cos(k · t 1)−1)u0(k)+2cℓ τˆ2 (cos(k · t 2)−1)u0(k)
+2cℓ τˆ3 (cos(k · (t 1− t 2))−1)u0(k)+ cℓo Πˆ1
(
e−ik·t 2u1(k)−u0(k)
)
+ cℓo Πˆ2
(
e−ik·t 1u2(k)−u0(k)
)
+ cℓo Πˆ3 (u3(k)−u0(k)) . (4.31)
We emphasise that the index (n) in Eqs (4.27) and (4.28) has been suppressed after the
substitution of the Bloch-Floquet conditions (4.29). From Eqs. (4.30) and (4.31) follows the
secular equation (4.8). Moreover the limit m→+∞ in Eq. (4.31) implies u0(k) = 0. From
the substitution of u0(k) = 0 into (4.30), we obtain the equation of motion (4.10) for a single
resonator whose stiffness matrix is given in Eq. (4.11).
Stiffness matrix. With reference to (4.8), the 8×8 stiffness matrix has the form
Σˆ′(k) =

Σˆ0(k) −cℓoΠˆ1e−ik·t 2 −cℓoΠˆ2e−ik·t 1 −cℓoΠˆ3
−cℓoΠˆ1eik·t 2 Σˆ1 −coπˆ3 −coπˆ2
−cℓoΠˆ2eik·t 1 −coπˆ3 Σˆ2 −coπˆ1
−cℓoΠˆ3 −coπˆ2 −coπˆ1 Σˆ3
 , (4.32)
where we have introduced the following notation for the diagonal blocks
Σˆ0(k) =−
3
∑
i=1
[
2cℓ(cosk · t i−1)τˆi− cℓoΠˆi
]
= Σˆ(TL)k + cℓo
3
∑
i=1
Πˆi,
Σˆ1 = cℓoΠˆ1+ co(πˆ2+ πˆ3), Σˆ2 = cℓoΠˆ2+ co(πˆ1+ πˆ3), and,
Σˆ3 = cℓoΠˆ3+ co(πˆ1+ πˆ2). (4.33)
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The 2×2 stiffness matrix Σˆ(TL)k in Eq. (4.33) is the stiffness matrix for a triangular lattice
(c.f. Eq. (1.68)). We emphasise that each element is a 2×2 block matrix, as defined in (4.6).
Degeneracy of the untilted lattice. We note that the submatrix obtained by removing the
first column and row of block matrices in (4.32) is precisely the stiffness matrix of a single
hinged resonator (4.11). Expanding the determinant of (4.32) over the first column results
in a sum of four terms: three of them being proportional to det(Πˆi) and the fourth one to
det(σˆ ′). Recalling that the matrices σˆ ′ and Πˆi (c.f. (4.6) and (4.11)) are degenerate when
ϑ0 = 0, it is clear that (4.11) is also degenerate when ϑ0 = 0.
4.3.1 Rigid resonators
The limit case of a single rigid resonators, that is co/cℓo ≫ 1 and co/cℓ ≫ 1, has been
analysed in detail in section 4.2.3. Here we formulate the problem for a triangular lattice
containing tilted resonators, where
co/cℓo ≫ 1, and co/cℓ≫ 1. (4.34)
Equations of motion. We write here the equations of motion for time-harmonic in-plane
waves under the rigid-body assumptions (4.34) for the tilted resonators. The governing
equations for the displacements of the masses which compose the TIR (black solid dots in
Fig. 4.1(a)) can be rewritten from (4.27), yielding
−moω2u(n)1 (k) = cℓo Πˆ1
(
u(n+p2)0 (k)−u(n)1 (k)
)
− s12(k)+ s31(k),
−moω2u(n)2 (k) = cℓo Πˆ2
(
u(n+p1)0 (k)−u(n)2 (k)
)
+ s12(k)− s23(k),
−moω2u(n)3 (k) = cℓo Πˆ3
(
u(n)0 (k)−u(n)3 (k)
)
+ s23(k)− s31(k). (4.35)
In Eq. (4.35) we introduce the force si j(k) on mass i due to mass j ̸= i with i, j = {1,2,3}.
Since si j(k) =−s ji(k), it follows that the forces can be rewritten as
s12(k) =
s1(k)
ℓ
(b˜2− b˜1), s23(k) = s2(k)
ℓ
(b˜3− b˜2), s31(k) = s3(k)
ℓ
(b˜1− b˜3), (4.36)
where si(k) = |si j(k)| are the moduli of the tension forces along the equilibrium position of
the trusses. In Eq. (4.35), p1 = (1,0)
T and p2 = (0,1)
T.
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The displacement of the nodal point n of the triangular lattice (see solid circles in Fig.
4.1(a)) is
−mω2u(n)0 (k) = cℓ τˆ1
(
u(n+p1)0 (k)+u
(n−p1)
0 (k)−2u(n)0 (k)
)
+ cℓ τˆ2
(
u(n+p2)0 (k)+u
(n−p2)
0 (k)−2u(n)0 (k)
)
+ cℓ τˆ3
(
u(n+p1−p2)0 (k)+u
(n+p2−p1)
0 (k)−2u(n)0 (k)
)
+ cℓo Πˆ1
(
u(n−p2)1 (k)−u(n)0 (k)
)
+ cℓo Πˆ2
(
u(n−p1)2 (k)−u(n)0 (k)
)
+ cℓo Πˆ3
(
u(n)3 (k)−u(n)0 (k)
)
. (4.37)
We observe that the displacement vector for the centre-of-mass of the TIR in the cell n is
u(n)cm(k) =
1
3
(
u(n)1 (k)+u
(n)
2 (k)+u
(n)
3 (k)
)
, (4.38)
where the displacement ui(k), i = {1,2,3} are given in Eqs (4.35).
Linearised rotations. Eqs (4.35) can be simplified further, under the assumption of the
angular displacements ϑn(k) being small for every n. The displacements of the vertices of
rigid TIRs (4.35) can written as
u(n)i (k) = u
(n)
cm(k)+
(
Rˆ 2π
3 (i−1)+ϑn(k)− Rˆ 2π3 (i−1)
)
b˜1
≈ u(n)cm(k)+ϑn(k)
 dRˆϑ
dϑ
∣∣∣∣∣
ϑ=2π(i−1)/3
 b˜1, (4.39)
where the last approximate equality follows from a Taylor expansion of the first rotation
matrix in the small parameter ϑn(k). By substituting Eq. (4.39) into Eqs. (4.35) and summing
the result term-by-term as prescribed by Eq. (4.38), we get
−ω2Mu(n)cm(k) = cℓo Πˆ1
(
u(n+p2)0 (k)−u(n)cm(k)− Rˆ ′1b˜1ϑn(k)
)
+ cℓo Πˆ2
(
u(n+p1)0 (k)−u(n)cm(k)− Rˆ ′2b˜1ϑn(k)
)
+ cℓo Πˆ3
(
u(n)0 (k)−u(n)cm(k)− Rˆ ′3b˜1ϑn(k)
)
, (4.40)
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where M = 3mo is the total mass of the TIR. In Eq. (4.40), we have introduced
R ′i =
 dRˆϑ
dϑ
∣∣∣∣∣
ϑ=2π(i−1)/3
 , i = {1,2,3}. (4.41)
After the linearisation (4.39), we project each of the equations (4.35), on the vectors b˜3− b˜2,
b˜1 − b˜3 and b˜2 − b˜1, respectively. Summing the resulting equations term-by-term and
performing algebraic simplifications, we obtain
−ω2Iϑn(k) = − 1√
3
cℓo (b˜3− b˜2)TΠˆ1
(
u(n+p2)0 (k)−u(n)cm(k)− Rˆ ′1b˜1ϑn(k)
)
− 1√
3
cℓo (b˜1− b˜3)TΠˆ2
(
u(n+p1)0 (k)−u(n)cm(k)− Rˆ ′2b˜1ϑn(k)
)
− 1√
3
cℓo (b˜2− b˜1)TΠˆ3
(
u(n)0 (k)−u(n)cm(k)− Rˆ ′3b˜1ϑn(k)
)
, (4.42)
where I = 3mob2 =moℓ2 is the moment of inertia with respect to the centre-of-mass reference
frame. Using the following rotation matrix identities
Rˆ3− Rˆ2 =−
√
3Rˆ ′1, Rˆ2− Rˆ1 =−
√
3Rˆ ′3 and Rˆ1− Rˆ3 =−
√
3Rˆ ′2, (4.43)
into (4.42), we get
−ω2Iϑn(k) = cℓo (Rˆ ′1b˜1)TΠˆ1
(
u(n+p2)0 (k)−u(n)cm(k)− Rˆ ′1b˜1ϑn(k)
)
+ cℓo (Rˆ ′2b˜1)
TΠˆ2
(
u(n+p1)0 (k)−u(n)cm(k)− Rˆ ′2b˜1ϑn(k)
)
+ cℓo (Rˆ ′3b˜1)
TΠˆ3
(
u(n)0 (k)−u(n)cm(k)− Rˆ ′3b˜1ϑn(k)
)
, (4.44)
Bloch-Floquet conditions. Bloch-Floquet conditions on the displacement fields are
u(n+m)cm (k) = eik·Tˆ mu
(n)
cm(k), u
(n+m)
0 (k) = e
ik·Tˆ mu(n)0 (k),
ϑn+m(k) = eik·Tˆ mϑn(k), (4.45)
where the matrix Tˆ has as column the primitive vectors of the lattice, and m and n are integer
vectors.
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By using the Bloch-Floquet conditions (4.45), Eqs. (4.37), (4.40), and (4.44) become
−mω2u0(k) = 2cℓ τˆ1 (cos(kt 1)−1)u0(k)+2cℓ τˆ2 (cos(k · t 2)−1)u0(k)
+ 2cℓ τˆ3 (cos(k · (t 1− t 2))−1)u0(k)
+ cℓo Πˆ1
(
e−ik·t 2ucm(k)+ e−ik·t 2Rˆ ′1b˜1ϑ(k)−u0(k)
)
+ cℓo Πˆ2
(
e−ik·t 1ucm(k)+ e−ik·t 1Rˆ ′2b˜1ϑ(k)−u0(k)
)
+ cℓo Πˆ3
(
ucm(k)+ Rˆ ′3b˜1ϑ(k)−u0(k)
)
, (4.46)
−Mω2ucm(k) = cℓo Πˆ1
(
eikt 2u0(k)−ucm(k)− Rˆ ′1b˜1ϑ(k)
)
+ cℓo Πˆ2
(
eikt 1u0(k)−ucm(k)− Rˆ ′2b˜1ϑ(k)
)
+ cℓo Πˆ3
(
u0(k)−ucm(k)− Rˆ ′3b˜1ϑ(k)
)
, (4.47)
and
ω2Iϑ(k) = cℓo b˜
T
1Rˆ
′
1 Πˆ1
(
eikt 2u0(k)−ucm(k)− Rˆ ′1b˜1ϑ(k)
)
+ cℓo b˜
T
1Rˆ
′
2 Πˆ2
(
eikt 1u0(k)−ucm(k)− Rˆ ′2b˜1ϑ(k)
)
+ cℓo b˜
T
1Rˆ
′
3 Πˆ3
(
u0(k)−ucm(k)− Rˆ ′3b˜1ϑ(k)
)
, (4.48)
where we suppress the cell index n after using the Bloch-Floquet conditions (4.45).
Eqs (4.46), (4.47) and (4.48) can be recast in the matrix form[
Σˆ(k)−ω2Mˆ
]
U (k) = 0, with U (k) =
(
uT0 (k), u
T
cm(k), ϑ(k)
)T
, (4.49)
and where ϑ(k) and ucm(k) denote the amplitude of rotation and displacement of the TIR’s
centre of mass, respectively. The stiffness matrix in (4.49) is
Σˆ(k) =
3
∑
i=1

−2cℓ(cos(k · t i)−1)τˆi+ cℓoΠˆi −cℓoϕi(k)Πˆi −cℓoϕi(k)ΠˆiRˆ ′i b˜1
−cℓoϕ∗i (k)Πˆi cℓoΠˆi cℓoΠˆiRˆ ′i b˜1
−cℓo(ϕi(k)ΠˆiRˆ ′i b˜1)† cℓo(ΠˆiRˆ ′i b˜1)† cℓob˜
T
1 · (Rˆ ′iΠˆiRˆ ′i b˜1)
 ,
(4.50)
where we introduce the functions ϕ1(k) = exp(−k · t 2), ϕ2(k) = exp(−k · t 1) and ϕ3(k) = 1;
andR ′i , i= {1,2,3}, are introduced in Eq. (4.41). The inertia matrix which appears in (4.49)
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is
Mˆ = diag(m,m,M,M, I), (4.51)
where M = 3mo is the total mass of the TIR, I = moℓ2 is its moment of inertia, and m is the
mass of the nodal points in the ambient lattice. The results presented here correspond to
triangular resonators with point masses placed at their vertices. These results can be easily
generalised to the case of resonators with the mass distributed over the entire triangular
region provided that the appropriate moment of inertia is used in Eq. (4.51). For example,
for a uniform rigid equilateral triangular resonator of the same total mass, the moment of
inertia about its centre of mass is I = moℓ2/8.
Consider the 3×3 block independent of k which appears in Eq. (4.50). We observe that
σ =
Σˆcm,cm Σcm,ϑ
Σ†cm,ϑ Σϑ ,ϑ
=
3cℓo/2 Iˆ2×2 0
0T cℓoℓ2 sin2ϑ0/(1+ ℓ2/L2−2ℓ/Lcos(ϑ0))
 ,
(4.52)
exactly coincide with the stiffness matrix of a single resonator. The solvability condition for
the algebraic system (4.49) yields the dispersion equation for Bloch-Floquet waves in the
triangular lattice with TIRs
D(k,ω) = det
(
Σˆ(k)−ω2Mˆ
)
= 0. (4.53)
The remainder of this section will be devoted to the analysis and interpretation of the roots of
this equation.
4.3.2 Effective group velocity
It is interesting to examine the dynamic behaviour of the lattice containing TIRs in the
long-wave regime. In particular, the effect of the resonator on the quasi-static response
will be examined. We consider the non-degenerate case of ϑ0 ̸= 0 and expand D(k,ω) in a
MacLaurin series assuming 0< ω ≪ 1 and 0< L|k| ≪ 1. In the low frequency regime, Eq.
(4.53) can be written as
D(k,ω) =DΓ(k,ω)+o(ω6). (4.54)
We then search for solutions of the form ωk = v|k|, where v is the effective group velocity.
Consequently, in Eq. (4.54) we can write
DΓ(k,ω) =D
(4)
Γ (k)ω
4+D
(2)
Γ (k)ω
2+D
(0)
Γ (k)+o(|k|6). (4.55)
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The determinant of the matrix equation (4.49) is a polynomial function of fifth degree in the
variable ω2, i.e.
D(k,ω) =
5
∑
j=0
D (2 j)(k)(ω)2 j, (4.56)
where the coefficients D (2 j)(k) are analytical functions of k. From analyticity it follows that
the order in which the k → 0 and ω→ 0 are taken, does not affect the result. We deliberately
assume ϑ0 ̸= 0, i.e. a statically determined lattice. In Eq. (4.56) we retain only the terms
up to fourth order in ω and expand D (2 j)(k) in Maclaurin series for small k around Γ. To
leading order, the coefficients of Eq. (4.55) are
D
(0)
Γ (k) =−
35
28
L6ℓ2
ℓ2r
c2ℓc
3
ℓo sin
2(ϑ0) |k|4 ,
D
(2)
Γ (k) =
33
23
L4ℓ2
ℓ2r
cℓc3ℓo sin
2(ϑ0)(m+3mo) |k|2 ,
D
(4)
Γ (k) =−
32
22
L2ℓ2
ℓ2r
c3ℓo sin
2(ϑ0)(m+3mo)2. (4.57)
In Eqs. (4.57), the index “Γ" indicates Taylor expansion in k around Γ. The effective
long-waves group velocities in Eq. (4.59) follow from
v2 =
1
2|k|2D (4)Γ (k)
(
−D (2)Γ (k)±
√
(D
(2)
Γ (k))
2−4D (4)Γ (k)D (0)Γ (k)
)
. (4.58)
The long-wave and low-frequency pressure vp and shear vs group velocities for Bloch-Floquet
waves in a triangular lattice containing TIRs are
vp =
√
3vs and vs =
1
2
√
3
2
L
√
cℓ
m+3mo
. (4.59)
According to equations (4.59), the low-frequency and long-wave dispersion surfaces are
conical and isotropic. In addition, we remark that the group velocities depend on the total
mass of the cell, on the inter-cell stiffness cℓ and on the triangular lattice nearest-neighbour
distance L. The intra-cell physical parameters ϑ0, cℓo and ℓ, do not appear in this regime
because they characterise sub-wavelength structures. Moreover, equations (4.59) suggest
that the low-frequency and long-wave dispersion of elastic waves in a lattice with TIRs is
equivalent to the behaviour associated with a simple monatomic triangular lattice with mass
per unit cell
mTL = m+3mo, (4.60)
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and ligaments with stiffness cℓ.
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Fig. 4.6 Panel (a) shows dispersion diagrams and panel (b) the corresponding slowness contours.
Black solid lines refer to a triangular lattice with tilted TIRs (see Eq. (4.49)) for ϑ0 = ϑmax with the
remaining parameters as listed in Table 4.1; black dashed lines correspond to the effective group
velocities (4.59); grey dotted lines refer to a monatomic triangular lattice (see Eq. (1.68)) mass per
site as in Eq. (4.60) and other parameters as listed in Table 4.1.
These effects are illustrated in Fig. 4.6, where we examine the dispersion curves in the
low-frequency and long-wave regime. The solid lines correspond to the dispersion curves
for a triangular lattice with TIRs. The numerical parameters have been chosen as detailed in
Table (4.1) and the tilting angle is ϑ0 = ϑmax. The dashed lines correspond to the asymptotic
dispersion relation ωk ∼ vk, evaluated using the effective group velocities in Eq. (4.59). The
dotted lines refer to a triangular lattice (studied in section section 1.4.1) whose dispersion
curves have been obtained by solving (1.68), with the mass mTL at the nodal points as in Eq.
(4.60). The matrix Iˆ2 is the 2×2 identity matrix and the remaining parameters are listed in
Table 4.1. We observe that Eq. (1.68) can be retrieved from the stiffness matrix (4.50) in the
limit cℓo → 0, for which the resonators do not influence the motion of the nodal points of the
triangular lattice.
Fig. 4.6(a) shows that the dispersion curves for a triangular lattice containing non-
degenerate (ϑ0 = ϑmax) TIRs are linear and equivalent to a monatomic triangular lattice with
renormalised mass in the long-wavelength and low-frequency regime. Fig. 4.6(b) shows
slowness contours for the same three examples at a fixed frequency of ω = 0.25. We observe
that the slowness contours for the triangular lattice with TIRs (solid lines) are approximately
circular, indicating that the lattice with TIRs is isotropic in the long-wave, low-frequency
regime.
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In the non-degenerate case, the unit cell in Fig. 4.1(a) is chiral, in a similar sense as
considered by Spadoni et al. in [85]. However, we note that the geometry and the effective
dispersion properties derived here are different from those studied in [85]. The difference
arises due to the fact that the chirality, associated with the topology of the TIRs, emerges
at length scales shorter than the unit cell width L. Therefore, the chiral effects are likely to
emerge at higher frequencies, as it is illustrated below.
cℓ cℓo L ℓ m mo ϑmax
1 1 1 1/4 1 1 1.318
Table 4.1 Parameters used in Eq. (4.49) in order to model the triangular lattice with TIRs. The
threshold angle ϑ0max has been introduced in Eq. (4.7).
4.3.3 Effect of the tilting angle ϑ0 on the dispersion properties
In this subsection, we study the role of the rotational parameter ϑ0 on the dispersion of
Bloch-Floquet elastic waves in a triangular lattice containing TIRs.
Band gaps in the dispersion diagrams for Bloch-Floquet waves. In Fig. 4.7 we compare
the dispersion surfaces, over the square set of Bloch vectors introduced in Eq. (1.63). The set
comprises the hexagonal Brillouin zone represented in Fig. 1.7(b). Fig. 4.7(a) corresponds
to a monatomic triangular lattice whose physical parameters coincide with those used in
Fig. 4.6. Fig. 4.7(b), shows the dispersion surfaces for the degenerate (ϑ0 = 0) triangular
lattice with resonators. Fig. 4.7(c) and Fig. 4.7(d) correspond to the the choices of the
tilting angles ϑ0 = ϑmax/5 and ϑ0 = ϑmax, respectively. The remaining parameters for the
aforementioned examples are listed in Table 4.1. The monatomic triangular lattice (panel
(a)) exhibits two acoustic branches corresponding to the degrees of freedom for the in-plane
displacement of the mass in the unit cell. The insertion of a non-tilted resonator, which
preserves the symmetry of the elementary cell, results in the two optical branches shown in
panel (b). These additional surfaces are associated with the motion of the centre-of-mass
of the resonator and are separated from the acoustic branches by a complete band gap.
Tilting the resonator, and thus breaking the symmetry of the elementary cell, induces a new
dispersion surface, as shown in panels (c) and (d). This new surface is associated with the
rotational motion of the resonator. For a sufficiently small ϑ0 (see panel (c)), the novel
dispersion surface intersects the acoustic branches of the dispersion diagram. Interestingly,
for the maximum angle achievable ϑ0 = ϑmax, panel (d) shows that the novel resonant branch
completely decouples from the acoustic branches. Both the position and shape of this surface,
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(c) (d)
Fig. 4.7 Bloch dispersion surfaces over a wave vector region which includes the first Brillouin zone
for the triangular lattice - see Fig. (4.1)(c). Panel (a): The dispersion surfaces for a monatomic
triangular lattice whose parameters are the same as for Fig. 4.6, grey dotted lines. Panel (b): The
dispersion surfaces for the triangular lattice with resonator and ϑ0 = 0. Panel (c): The dispersion
surfaces for the triangular lattice with TIR at ϑ0 = 0.2 ϑmax, as defined in Eq. (4.7). Panel (d): The
triangular lattice with TIR at ϑ0 = ϑmax. The remaining parameters are listed in Table 4.1.
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Fig. 4.8 Panels (a), (b) and (c) show dispersion surfaces corresponding to the tilting angles ϑ0 =
0.51,0.61,1.32 rad, respectively. In the same order, figures (d), (e) and (f) show the corresponding
dispersion curves plotted over the the boundary of the irreducible Brillouin zone. The isofrequency
diagrams in panels (g) and (h) show the slowness contours corresponding to the dispersion surfaces
(a) and (c), for the tilting angles ϑ0 = 0.51,1.32 rad respectively.
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associated with the rotational motion of the resonator, can be controlled by tuning the tilting
angle ϑ0 as it is further illustrated in the next section.
Localisation and standing waves. Fig. 4.8 shows the dispersion surfaces, diagrams and
slowness contours for a range of tilting angles ϑ0. The parameters used in this set of
computations are listed in Table 4.1. The pairs of panels (a) and (d), (b) and (e), and (c) and
(f) correspond to ϑ0 ≈ 0.51 rad, ϑ0 ≈ 0.61 rad and ϑ0 ≈ 1.32 rad, respectively. This choice
illustrates the influence exerted by the angle ϑ0 on the dispersive properties of the Bloch
resonant mode. In particular, for ϑ0 ≈ 0.51, the frequency band gap between the acoustic and
the rotational mode closes (c.f. panels (a) and (d)). On the other hand, for ϑ0 = ϑmax ≈ 1.32,
the band gap between the rotational mode and the highest acoustic branch is maximal - see
panels (c) and (f). Moreover, for ϑ0 ≈ 0.61, there is a resonant rotational mode, and the
corresponding dispersion surface becomes flat.
It is clear that the dispersive properties of the rotational mode depend on the tilting
angle ϑ0. This is illustrated in panels (g) and (h), where the slowness contours for the
rotational band in panels (a) and (c) are shown. In panel (g), the group velocities points
outwards in the vicinity of Γ; this can be identified with a positive effective mass in the sense
of [32]. Conversely, in panel (h), the group velocity points inwards in the neighbourhood
of Γ, corresponding to a negative group velocity. Finally, we observe that the frequency of
the standing wave reported in panel (b) exactly coincides with the single resonator rotational
frequency, already introduced in Eq. (4.16) (see also panel (e)). We also observe that the
resonances of the rotational mode at Γ, coincide with the single resonator frequency; for
panel (a), this corresponds to the lower boundary of the rotational band, whilst in (f) it
corresponds the the upper boundary of the rotational band.
4.3.4 Triple eigenvalue at the Γ point and the Dirac-like dispersion
Here we refer to the point Γ in Fig. 4.1(b). At k = 0, the roots of fifth-degree polynomial
equation in Ω = ω2 (4.53) can be found in their closed forms. Introducing the notation
Ω(i)Γ = Ω
(i)
k
∣∣∣
k=0
, with i indexing the root, we find
Ω(1)Γ = 0, Ω
(2)
Γ =Ωcm
(
1+
3mo
m
)
and Ω(3)Γ =Ωϑ =Ωcm
2sin2ϑ0
1+ ℓ2/L2−2ℓ/Lcosϑ0 , (4.61)
where the frequencies Ωcm and Ωϑ are given in Eq. (4.16). The first and second eigenvalues
in Eqs. (4.61) have multiplicity two, and the last one has multiplicity one.
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Fig. 4.9 In panel (a) we report the Bloch-Floquet dispersion surfaces for a triangular lattice with
resonators whose lattice parameters are listed in set 1 of Table 4.1. Panels (b) and (c) are slowness
contours of panel (a) and their colour maps represent Bloch-Floquet frequencies ω . The frequencies
represented here lie just above (panel (b)) and just below (panel (c)) ω = π , corresponding to the
Dirac-like point. Panel (d) shows the dispersion curves of the optical modes for three set of lattice
parameters. The solid black line correspond to the lattice parameters used in panel (a); red dashed
lines and blue dotted lines correspond to “set 2" and “set 3" in Table 4.1, respectively.
Given ℓ¯ = ℓ/L and ϑ0 in the intervals (4.7), we observe that it is possible to obtain a
triple eigenvalue corresponding to Ω(2)Γ =Ω
(3)
Γ , if there exists
m¯ =
cos2ϑ0+ ℓ¯2−2ℓ¯cosϑ0
2ℓ¯cosϑ0− ℓ¯2−1
> 0, (4.62)
with m¯ = 3mo/m. We observe that
m¯> 0⇐⇒ cosϑ0−|sinϑ0|< ℓ¯ < cosϑ0+ |sinϑ0|. (4.63)
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The substitution of the expression (4.62) for mo into the the expression for Ω
(2)
Γ (Eq. (4.61))
gives the frequency squared for the triple eigenvalue
Ω(te)Γ =−
3cℓo
m
sin2ϑ0
ℓ¯2−2ℓ¯cosϑ0+ cos2ϑ0
, (4.64)
which is a positive quantity if the condition on ℓ¯ and ϑ0 of Eq. (4.63) is satisfied.
Fig. 4.9(a) represents the frequency dispersion surfaces for a TLR as a function of a
set of Bloch wave vectors which comprise the first Brillouin zone (see Fig. 4.1(b)). The
lattice parameters have been chosen in such a way that Eq. (4.62) is satisfied. This yields the
occurrence of a triple eigenvalue at Γ, as it can be seen by direct inspection of the optical
part of the dispersion diagram. Specifically, we choose ℓ¯= 0.21 and ϑ0 = 0.82, which gives
m¯ = 0.41. We take L = 1, cℓ = 1 and m = 0.8. This influences the maximum frequency of
the acoustic modes. Finally, the choice cℓo = 1.53 guarantees that the triple-eigenvalue’s
frequency is √
Ω(te)Γ = π. (4.65)
Figs 4.9(b) and 4.9(c) show the slowness contours of Fig. 4.9(a) around the triple-eigenvalue’s
frequency ω = π . Fig. 4.9(b) (Fig. 4.9(c)) refers to frequencies slightly above (slightly
below) ω = π . Figs 4.9(b) and 4.9(c) show that the dispersion in the vicinity of the triple-
eigenvalue is isotropic. In Fig. 4.9(d) we compare (along the path MΓXM) the optical
branches of three different TLRs whose lattice parameters are listed in the table 4.2. The
black solid line refers to set 1 in Tab. 4.2 (same as in Fig. 4.9(a)). The dispersion around
the triple-eigenvalue’s frequency ω = π is linear, suggesting that the triple eigenvalue is a
Dirac-like point. Other choices of the parameters are possible resulting in different group
velocities at Γ. In Fig. 4.9(d) we use the set 2 (red dashed line) and set 3 (blue dotted line)
listed in the table 4.2. The chosen sets of parameters satisfy (4.65), which corresponds to the
occurrence of a triple eigenvalue at Γ and ω = π . We observe that Dirac-like dispersion is
robust over the chosen sets of the lattice parameters.
cℓ m L ℓ cℓo mo ϑ0
set 1 1 0.8 1 0.21 1.534 0.11 0.82
set 2 1 0.8 1 0.25 2.6319 0.27 1.32
set 3 1 0.8 1 0.1 0.2722 0.0145 0.74
Table 4.2 Sets of parameters for selected triangular lattices with resonators whose frequency disper-
sion (see Fig. 4.9) is Dirac-like at ω = π . SI units of measurement are understood.
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4.3.5 Dispersion and eigenmodes in the neighbourhood of a Dirac point
We now examine the Dirac cones and the opening of a partial band gap at the high-symmetry
point M, shown in Fig. 4.1(b). Fig. 4.10 (b) shows the dispersion curves, in the vicinity
of M, for the triangular lattice with TIRs; the solid, dotted and dashed lines correspond to
ϑ0 ≈ 0.51 rad, ϑ0 ≈ 0.61 rad and ϑ0 ≈ 1.32 rad, respectively, and the material parameters
are detailed in Table 4.1. The two dispersion surfaces intersect and form a pair of Dirac
cones for the special value ϑ ≈ 0.61 rad, which was shown to give rise to a flat resonance in
the dispersion diagrams 4.8(b) and 4.8(e); these surfaces separate and form a partial band
gap (see, also, Fig. 4.8) for values of the tilting angle greater or less than the special value
ϑ0 ≈ 0.61 rad. Fig. 4.10(b) shows the dependence of the optical frequencies at M as a
function of the tilting angle ϑ0; the special value of ϑ0 ≈ 0.61 corresponds to the angle
at which the curves intersect. The figure highlights the fact that one of the two optical
frequencies at M does not depend on the tilting angle. This observation suggests that, at M,
there exists an eigenmode where the resonator does not contribution to the motion of the
lattice and waves propagate purely through the ambient triangular lattice. Fig. 4.11 shows
the displacement amplitude fields for the triangular lattice with TIRs for two different tilting
angles. We note that the two modes are identical, up to an arbitrary phase shift, and the
displacements of the resonators are small compared with those of the ambient lattice. The
red empty circles indicate the equilibrium positions of the masses, whilst the blue solid lines
denote their orbits; the black solid lines indicate the trusses.The displacement fields are
obtained by finding the eigenvalues of (4.49) and their corresponding eigenvectors.
4.4 Non-uniform vortex-type lattice
The variation in tilting angle can be conveniently accommodated by introducing the macro-
cell illustrated in Fig. 4.12, where the primitive lattice vectors are marked (c.f. Eq. (1.60)). In
this case, the oblique unit cell comprises two masses m (black solid dots) and two triangular
resonators of side ℓ. The same assumptions made for the resonator introduced in Sec. 4.1
are applied here, that is co/cℓo ≫ 1 and co/cℓ≫ 1. The two masses are located at the basis
vectors
d0 = 0 and d1 = L
(
1
0
)
, (4.66)
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Fig. 4.10 Panel (a): The dispersion diagram in the vicinity of M for different choices of the tilting
angle. Panel (b): The optical mode eigenfrequencies evaluated at point M in the first Brillouin zone
as a function of ϑ0.
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Fig. 4.11 Illustrations of the Bloch eigenmodes at M. Red empty dots are the equilibrium positions
of the masses in the lattice; blue lines represent the orbits of the masses in the lattice and are
obtained by solving (4.53). Black solid lines are trusses. Panels (a) and (b) refer to ϑ0 ≈ 0.51 and
ϑ0 ≈ ϑmax ≈ 1.32, respectively.
respectively. Similarly, the rest positions of the centres of mass of the resonators are
r˜cm,i = r˜cm+d i, (4.67)
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Fig. 4.12 A schematic representation of a macrocell where a specific variation of the tilting angle is
introduced.
where the vector r˜cm represents the position vector of the centre of mass of a resonator in a
triangular lattice (Eq. (1.72)), and the vectors d i with i = {0,1} are given in Eq. (4.66). The
left resonator in Fig. 4.12 is tilted by an angle ϑ0 and the right one of an angle −ϑ0. Since
our aim is to compare the dispersion properties associated with the unit cells in Figs 4.1(a)
and 4.12, it is necessary to choose a common region in which to perform the comparison.
In this section, we present results for the frequency surfaces as a function of the Bloch
vector
k = α1G∗1+α2G
∗
2, (4.68)
where (α1,α2)∈ [−1/2,1/2]2 and G∗1 and G∗1 are the reciprocal lattice vectors for the oblique
lattice introduced in Eq. (1.87). In particular, Fig. 4.13 shows the dispersion surfaces over
the set of Bloch wave vectors (4.68) and eigenmodes for two cases. Panel (a) shows the
dispersion surfaces for the case when the two resonators in the macro-cell, shown in Fig. 4.12,
are tilted by the same angle ϑ0 = ϑmax. In panel (b), the two resonators are rotated by
opposite angles. The physical parameters used are listed in Table 4.1. We observe that a
partial band gap between the two optical surfaces, opens when the two resonators are tilted
in the opposite directions.
In section 4.3.5, we highlighted some features of Bloch-Floquet waves at the point M.
The corresponding point for the macro-cell shown in Fig. 4.12 is
M′ =
π
3L
(
1√
3
)
. (4.69)
When the resonators in the macro-cell are rotated in the same direction, it is natural to
expect the same Bloch eigenmodes at M′ that we would have had at M for a single-resonator
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Fig. 4.13 Panels (a) and (b) are dispersion surfaces for two different macro-cells. Panel (a)
corresponds to a macro-cell whose resonators are rotated though the same angle ϑ0 = ϑmax. In Panel
(b), a resonator is rotated of an angle ϑ0 = ϑmax and the other one though the angle ϑ0 =−ϑmax, as
shown in Fig. 4.12(a). The remaining parameters are fixed as listed in Table 4.1. Panels (c) and (d)
are illustrations of Bloch waves at M′ which correspond to the macro-cells considered in panels (a)
and (b), respectively. Symbols are the same as in Fig. 4.11. In panel (c) and (d) the Bloch frequencies
at M′ are ω ≈ 2.75 rad/s and ω ≈ 2.82 rad/s, respectively.
cell. Fig. 4.13(c) shows the displacement amplitude field at M′ for the structure whose
dispersion surface is given in Fig. 4.13(a). We observe that the eigenmode shown in
Fig. 4.13(c) is equivalent, up to an arbitrary phase shift, to that shown in Fig. 4.11(b) for a
single-resonator cell corresponding to the point M. Fig. 4.13(d) shows the Bloch eigenmode
at M′ corresponding to a macro-cell with resonators rotated in the opposite directions; the
corresponding dispersion surfaces are shown in Fig. 4.13(b). In this case, we observe that
the orbits described by the triangular lattice nodes are elliptic. As in the previous case of
single resonator unit cells, the resonators do not contribute to the propagation of elastic Bloch
waves, at the chosen frequency.
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4.5 Summarising remarks on chapter 4
In summary, the main focus of this chapter was on a new chiral lattice which exhibit a
range of interesting dynamic properties, including dynamic anisotropy, Dirac, and Dirac-like
dispersion. The chiral lattice, introduced in section 4.1, is modelled as a periodic array of
triangular resonators embedded within an infinite uniform triangular lattice.
The lattice is statically undetermined in its untitled configuration. This degeneracy can
be cured by assuming non-zero tilting or flexible links, as highlighted in section 4.2.
The dispersive properties of the chiral lattice have been studied in section 4.3. The
geometric chirality arises from tilting the resonator and thus breaking the mirror symmetry
of the ambient lattice. The introduction of the resonator results in the appearance of several
additional modes that interact with the modes corresponding to the triangular lattice without
resonators.
In particular, the resonators give rise to a novel rotationally dominant mode, which
we refer to as the “chiral branch”. In section 4.3.4 we have shown that the chiral branch
frequency can be tuned to form Dirac-like dispersion with the optical modes at Γ.
The effect of introducing a non-uniform tilting angle (see section 4.4) has also been
examined and it has been shown that it affects the dispersive properties and the polarisation
of vortex-like modes around standing wave frequencies.
Generalisations are envisaged to the cases of high contrast between nodal masses of
resonators and nodal masses of the ambient lattice. Similarly, high contrast between the
stiffness of elastic ligaments within the resonators and the stiffness of the ambient lattice
brings interesting dynamic features.
In the next chapter, we use the chiral branch to design and implement a flat lens for
mechanical waves in a triangular lattice and to influence the crack speed in a thermoelastic
lattice.

Chapter 5
Structured interfaces containing tilted
resonators: focussing and wave-guiding
In this chapter we focus on scattering of in-plane elastic waves by lattice interfaces containing
tilted resonators.
Transmission problems across slabs of finite width are of particular interest, as they enable
us to evaluate the effect of coupling of pressure and shear waves in such metamaterials.
In section 5.1 a geometrically chiral interface is illustrated which incorporates a structured
layer with rotational resonators of a special design, and shows negative refraction. Details
on the design of the “flat lens” are also reported. Specifically, as already highlighted in the
introduction to this thesis, the estimation of local dispersive properties of the lattice is of
paramount importance in order to achieve focussing via negative refraction.
In the present chapter, we are primarily concerned with the range of frequencies corre-
sponding to the chiral branch of the dispersion surfaces which is associated with the chiral
effects of the resonator.
Here we give a special attention to micro-structured solids containing cracks, and we
show how a coating, built of a tilted resonator lattice, can absorb vibrations, or otherwise can
channel the energy away from the crack tip.
An additional focus of this chapter is on the effect of geometric chirality to the edge
waves propagating along structured interfaces. In this context, we would like to mention
the earlier work [38] where asymptotics for elastic waves propagating along line defects in
triangular and square lattices were investigated. Here we analyse the propagation of edge
waves along an interface around a “coated” crack, where the coating is introduced as a
multi-scale structure of tilted resonators. Illustrative examples are provided in section 5.3.
An adaptive finite element computation has been performed to model a transient propa-
gation of a crack inside a channel of the micro-structured material. The earlier work [92]
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has addressed the question of a transient advance of a crack subjected to a dynamic load.
The influence of a geometrically chiral multi-scale lattice on the field around the crack is
addressed in section 5.4.
5.1 Focussing of elastic waves by a slab of TIRs
Dynamic anisotropy in a triangular lattice containing tilted resonators. We start by
examining the forced problem for the triangular lattice both with and without TIRs. Similar
problems have been extensively studied in the literature, with the classical reference text
being the book by Maradudin et al. [54]. We also mention the papers by Martin [55] and
Movchan and Slepyan [66], which analyse the properties of the dynamic Green’s functions
for a square lattice in the pass and stop band, respectively. The dynamic Green’s functions for
square and triangular elastic lattices were examined by Colquitt et al. in [20], with a particular
emphasis on the resonances associated with dynamic anisotropy and primitive waveforms.
These primitive waveforms have also been examined in the papers by Langley [47], Ruzzene
et al. [77], Ayzenberg-Stepanenko and Slepyan [4], and Osharovich et al. [68], among others.
cℓ cℓo L ℓ m mo
TLR 9 N/m 1.35 cℓ 1 m 1/4 L 1 Kg 1 Kg
TL 9 N/m 1 m 4 Kg
Table 5.1 Physical parameters used in COMSOLMultiphysics® to model the structured interface
containing tilted resonators.
The Green’s function for a lattice with triangular periodicity can be written in the form of
a Fourier integral over the first Brillouin zone
Gmn(ω) =
√
3L2
8π2
∫
k∈BZ
dk gmn(k,ω)e−ik·(nt1+mt2), (5.1)
where t1 and t2 are the triangular lattice vectors (1.60), and m and n are integers. The
influence of the rigid TIRs is captured by the Fourier transformed Green’s function
gmn(k,ω) =
(
Σˆk −ω2Mˆ
)−1
F, (5.2)
where the stiffness matrix Σˆk is given in Eq. (4.50) and the inertia matrix Mˆ in Eq. (4.51).
In Eq. (5.2), F represents the amplitude of the time-harmonic force applied at the origin. So-
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Fig. 5.1 Panel (a) and (b) are dispersion surfaces for a monatomic triangular lattice (TL) and a
triangular lattice with TIRs (TLR), respectively. The slowness contours at ω = π rad/s are also
reported as projections onto the plane ω = 0. The parameters used are listed in Table 5.1. Panel
(c) and (d) are elastic responses of the TL and TLR, respectively considered in panels (a) and (b).
The source of the excitation has amplitude as in Eq. (5.3), with F = 0.1 N and angular frequency
ω = π rad/s.
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lutions of Eq. (5.1) are obtained using COMSOLMultiphysics®. The numerical parameters
used for the illustrative computations presented in this section, are listed in table 5.1. Figs
5.1 (a) and 5.1(b) show the dispersion surfaces for a triangular lattice and a triangular lattice
with TIRs, respectively. The slowness contours at ω = π rad/s are also shown as projections
onto the ω = 0 plane. Figs 5.1(c) and 5.1(d) show the magnitude of the displacement field
generated by an harmonic point load. In particular, panels (c) and (d) show the fields for a
triangular lattice and a triangular lattice with TIRs, respectively. The source of the excitation
is a point, time-harmonic loading exerted at the centre of the computational window. The
orientation of the applied load is chosen to be parallel to the horizontal x-axis and of unit
amplitude, so that
F = F (1,0,0,0,0)T . (5.3)
The angular frequency of the excitation is ω = π rad/s. Figs 5.1(c) and 5.1(d) show the
expected strong dynamic anisotropy. In particular, panel (c) shows a cross-like propagation
pattern with the arms of the cross at π/6 radians with respect to the horizontal direction.
This is consistent with the slowness contour in panel (a) with the waves propagating in the
directions normal to the hexagon-like slowness contour. No wave propagation is observed in
the vertical direction because the source is polarised in the x direction. Panel (d) shows a
similar star-like shape for the displacement field. The slowness contour shown in panel (b)
arises from the mode associated with the TIRs. Again, we observe that the displacement field
shown in panel (d) is consistent with the associated slowness contour, and waves propagate
in the directions parallel to the normals of the slowness contours.
Focussing via negative refraction. We now proceed to consider the scattering problem
associated with a thin strip of triangular lattice with TIRs embedded within an ambient
triangular lattice. Fig. 5.2(a) shows the slowness curves which also appear in Figs 5.1(a) and
5.1(b), at ω = π rad/s. We choose this frequency to isolate the effect of the Bloch mode
associated with the geometric chirality of the lattice. We observe that the concavity of the
dispersion surface in correspondence of ω = π rad/s is negative (see Fig. 5.1(b)). Since the
group velocity points towards growing frequencies, at ω = π rad/s along the preferential
directions of the lattice with TIRs points inwards the first Brillouin zone. On the other hand,
the group velocity associated with the triangular ambient lattice points outwards, because
the concavity of the dispersion surfaces is positive at ω = π rad/s (see Fig. 5.1(a)). The
group velocity vectors are qualitatively represented in Fig. 5.2(a). The two-dimensional
hexagonal slowness contours in Fig. 5.2(a) are rotated, by π/6, with respect to each other.
These two properties - opposite group velocities along the preferential directions and rotated
slowness contours - are here used to design a flat lens capable of utilising negative refraction
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Fig. 5.2 Panel (a): A comparison of slowness curves presented in Fig. 5.1; the slowness curves are
plotted at the same frequency as the one of the harmonic excitation, that is ω = π rad/s. The dashed
and solid arrows schematically represent the directions of the group velocities in the corresponding
lattice. Panels (b), (c) and (d): Numerical simulations of a negative refractive flat lense containing
TIRs surrounded by a TL; the physical parameters for the TL and TLR are as in Table 5.1. The
time-harmonic force is horizontal and has amplitude F = 0.1 N and angular frequency ω = π rad/s.
In panels (b), (c) and (d), the distance of the point source away from from the left interface is 20, 10
and 1 lattice sites. In panel (e) the tilting angle is set to zero, leading to total reflection.
to focus elastic waves in a triangular lattice. This effect is illustrated in Fig. 5.2(b). The
excitation source is the same as the one used to generate Fig. 5.1(c) and the parameter values
are described in Table 5.1.
At the chosen frequency ω = π rad/s, exciting the triangular lattice with a point source
results in a cross-like displacement field, as already discussed for Fig. 5.1(c); the angle
between the beams and the x-axis is π/6. This is consistent with the slowness contours for
the ambient lattice shown in Fig. 5.2(a). The slowness contours for the interface are rotated
by π/6 with respect to those of the ambient lattice, as shown in Fig. 5.2(a). This explains
the negative refraction evident at the interfaces between the triangular lattice and the lattice
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with TIRs, shown in panel (b). A virtual image of the source can be observed on the right
side of the ambient lattice. The formation of the virtual image is illustrated in the inset
diagram. Panel (b) is obtained locating the point source twenty lattice spaces away from the
left interface of the lens. In panel (c), we move the source closer (ten lattice spaces). We
observe that the position of the virtual image moves closer to the right interface of the flat
interface (see also inset diagram). In panel (d), we locate the source one lattice site away from
the flat lens. This results in the formation of a real image of the source on the right side of the
diagram, and demonstrates focussing of elastic waves by means of negative refraction. In Fig.
5.2(e), the resonators in the structured interface are not tilted. As illustrated in the context
of Fig. 4.7, at zero tilting angle the Bloch branch associated with the geometrical chirality
annihilates. Elastic waves propagating from the ambient lattice experience a frequency stop
band and, in turn, total reflection as shown in panel (e). This results in the disappearance of
any negative refractive effect.
5.2 Localisation and wave-guiding at the Dirac-like point
In this section, we analyse the wave forms, which correspond to the frequencies in the
neighbourhood of the Dirac-like point discussed in section 4.3.4. In addition, we study the
propagation of edge waves along interfaces obtained by modifying the bulk homogeneous
lattices.
The dynamic response of the periodic lattice to point loads of different orientations is
studied using COMSOL Multiphysics. In the computations we truncate the lattice retaining a
N×N cluster of TLR’s cells, where N ≈ 50. In order to reduce spurious reflections from the
boundaries of the computational window, the dynamic equations of the nodal points close
to the sides of the grid include a damping term. The damping layer is approximately four
lattice spacings wide. The harmonic responses shown in this section are triggered by a point
force of frequency ω = π rad/s, linear polarisation and amplitude F = 0.1 N. We assume
that the force is exerted on a triangular lattice node, located at the centre of the cluster. The
lattice parameters considered here are listed in Table 4.2, where SI units of measurement and
angles in unit of radiant are understood. These parameters have been chosen to reproduce a
triple-eigenvalue at Γ and frequency ω = π rad/s at the Dirac-like point (see section 4.3.4).
5.2.1 Dynamic response and edge waves
The effective properties of the dispersion surfaces emanating from the Dirac-like point (see
section 4.3.4 and Figs 4.9) strongly influence the harmonic response of the structure. Special
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(a) (b)
Fig. 5.3 Panel (a) is the time-harmonic response of a homogeneous lattice with tilted resonators to
a time-harmonic force of amplitude F = 0.1 N, frequency ω = π rad/s and applied at a triangular
lattice nodal point. The force is oriented in the horizontal direction (black arrow). The lattice
parameters are reported in set 1 of Table 4.2. In panel (b), leaving the lattice parameters in set
1 of Table 4.2 and loading conditions unchanged, an inhomogeneity is introduced: above the thin
horizontal line, the resonators are tilted in the counter-clockwise direction and below the thin line
they are tilted clockwise. Both angles are of the same magnitude ϑ0.
attention is given to the influence of the effective mass (see Eq. (??)) of the parabolic-in-k
mode, and to the group velocity at the conical mode, on the localisation patterns and on the
amplitude and wavelength of the edge waves propagating along interfaces obtained from the
bulk triangular lattice with resonators.
Edge waves along an interface between oppositely tilted half-spaces. Figure 5.3 shows
the harmonic responses of a homogeneous (panel (a)) and inhomogeneous (panel (b)) lattice
with tilted resonators to a harmonic force of amplitude F = 0.1 N, frequency ω = π rad/s
and applied to a triangular lattice nodal point. The lattice parameters are reported in set
1 of Table 4.2. The inhomogeneity considered in Fig. 5.3(b) arises from the tilting angle
which is oriented in the counter-clockwise and clockwise directions above and below the
thin horizontal line, respectively. The thin line represents therefore an interface separating
two homogeneously tilted half-spaces. Since the modulus of the tilting angle is the same,
the dispersion surfaces associated with the two configurations are the same and coincide
with Fig. 4.9(a). For the time being, the force is in the horizontal direction (black arrow).
In the homogeneous lattice (panel (a)) we observe a localised mode as one would expect
in correspondence of the parabolic-in-k mode at ω = π in Fig. 4.9(a) (see the black line
in Fig. 4.9(d) for the corresponding dispersion curve). The harmonic response changes
122 Structured interfaces containing tilted resonators: focussing and wave-guiding
dramatically as the inhomogeneous tilting is introduced (panel (b)) leading to a propagating
mode travelling along the interface, which we refer to as “edge wave”.
(a) (b)
Fig. 5.4 Panel (a) is the time-harmonic response of a homogeneous lattice with tilted resonators to
a time-harmonic force of amplitude F = 0.1 N, frequency ω = π rad/s and applied to a triangular
lattice nodal point. The force is oriented at 30 degrees angle with respect to the horizontal direction
(black arrow). The lattice parameters are reported in set 1 of Table 4.2. In panel (b), leaving the lattice
parameters in set 1 of Table 4.2 and loading conditions unchanged, an inhomogeneity is introduced:
above the thin horizontal line, the resonators are tilted by an angle ϑ0, and below the thin line they
are tilted of an angle −ϑ0.
Role of the direction of the force. We here investigate the role of the orientation of the
force on the dynamic response of systems which are identical to those introduced in Fig.
5.3. The computations are shown in Figs 5.4 and 5.5. In Fig. 5.4(a) we consider a lattice
identical to the one introduced in Fig. 5.3(a). The force (black arrow in Fig. 5.4(a)) is
oriented at 30 degrees with respect to the horizontal direction. The same orientation is
assumed in Fig. 5.4(b) where a inhomogeneously tilted lattice is considered, similarly to
Fig. 5.3(b). The lattices considered in Figs 5.5(a) and 5.5(b) are the same as in Figs 5.4(a)
and 5.4(b). The harmonic loadings considered in Fig. 5.5 is at sixty degrees with respect to
the horizontal direction (see black arrows). By comparing Figs 5.3(a), 5.4(a) and 5.5(a), we
observe that the symmetry axis of the localisation pattern follows the polarisation angle of
the force. Moreover, comparing Figs 5.3(b), 5.4(b) and 5.5(b), the intensity of the modes
changes, being larger for larger angles. A possible physical interpretation may be found in the
polarisation of the propagating mode. The in-plane displacement field in Figs 5.3(b), 5.4(b)
and 5.5(b) is “bubble like" or, more formally, is elliptically polarised, with the polarisation
axis aligned with the lattice vectors t 1 and t 2. Therefore, when the direction of the force
matches 60 degrees the mode has maximum amplitude compared to the other orientations.
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(a) (b)
Fig. 5.5 Panel (a) is the time-harmonic response of a homogeneous lattice with tilted resonators to a
harmonic force of amplitude F = 0.1 N, frequency ω = π rad/s and applied to a triangular lattice
nodal point. The force is oriented at 60 degrees angle with respect to the horizontal direction (black
arrow). The lattice parameters are reported in set 1 of Table 4.2. In panel (b), setting the lattice
parameters and loading condition as in panel (a), an inhomogeneity is introduced: above the thin
horizontal line, the resonators are tilted by an angle ϑ0, and below the thin line they are tilted of an
angle −ϑ0.
(a) (b)
Fig. 5.6 Panel (a) is the harmonic response of a homogeneous lattice with tilted resonators to a
harmonic force of amplitude F = 0.1 N, frequency ω = π rad/s and applied to a triangular lattice
nodal point. The force is oriented at 0 degrees angle with respect to the horizontal direction (black
arrow). The lattice parameters are reported in set 1 of Table 4.2. In panel (b), leaving the lattice
parameters in set 2 of Table 4.2 and loading conditions unchanged, an inhomogeneity is introduced:
above the thin horizontal line, the resonators are tilted by an angle ϑ0, and below the thin line they
are tilted of an angle −ϑ0.
Role of different group velocities at the Dirac-like point. A deeper insight into the
dynamic properties of the localised waves and edge waves described in Figs 5.3(b), 5.4(b)
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(a) (b)
Fig. 5.7 Panel (a) is the harmonic response of a homogeneous lattice with tilted resonators to a
harmonic force of amplitude F = 0.1 N, frequency ω = π rad/s and applied to a triangular lattice
nodal point. The force is oriented in the horizontal direction (black arrow). The lattice parameters
are reported in set 1 of Table 4.2. In panel (b), taking the lattice parameters of set 2 of Table 4.2 and
loading conditions unchanged, an inhomogeneity is introduced: above the thin horizontal line, the
resonators are tilted by an angle ϑ0, and below the thin line they are tilted by an angle −ϑ0.
and 5.5(b) is proposed here. In order to assess the dynamic nature of the mode, we consider
here different lattice parameters compared to those used earlier. In the same spirit as in Figs
5.3, 5.4 and 5.5, in Figs 5.6 and 5.7 we show the harmonic responses of clusters whose
lattice parameters are listed in set 2 and set 3 of Table 4.2, respectively. Although the
lattice parameters are different, they have been chosen in order to reproduce a Dirac-like
dispersion at ω = π . The corresponding dispersion surfaces are represented in Fig. 4.9(d)
by the red and blue lines, respectively. Different dispersive properties near the Dirac-like
point affect the harmonic responses of homogeneously tilted clusters (panels (a) and (c)) and
inhomogeneously tilted clusters (panels (b) and (d)). The inhomogeneity considered here has
the same meaning as in Fig. 5.3. Figs 5.6(a) and 5.7(a) show localised patterns similar to
that encountered in Fig. 5.3(a). Figs 5.6(b) and 5.7(b) show an edge wave travelling across
the interface. We remark that the wavelength of the edge waves is larger for smaller effective
group velocities at the Dirac-like point ω = π rad/s. This suggests that the dynamics of the
edge waves, e.g. its wavelength, can be controlled by harnessing the group velocities at the
Dirac-like point, with shorter wavelength corresponding to higher group velocities.
Edge wave along a strongly damaged interface. Figure 5.8 shows the modulus of the
displacement field for a forced triangular lattice with resonators containing a defect which
consists of a missing line of resonators, as shown in the magnifying inset highlighted in
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Fig. 5.8 Response of a defective triangular lattice with resonators to a time-harmonic point force.
The defect consists of a missing line of resonators, as highlighted in the yellow magnifying inset on
the right. The point force is represented in the inset by the blue arrow and has amplitude F = 0.1 N
and frequency ω = π rad/s. The parameters used in this computation are listed in set 1 of Table 4.2.
yellow on the right side of the figure. The lattice parameters used in this computation are
listed in set 1 of Table 4.2. The harmonic force is identical to the one used in Fig. 5.3(a) and
is exerted on a triangular lattice nodal point below the line defect (see blue arrow in the inset).
We observe that the defect acts as a wave guide for an edge wave whose wavelength differs
from the one in Fig. 5.3(b). We emphasise again that the wave-guiding behaviour in Fig.
5.8 differs significantly from the localisation pattern in Fig. 5.3(a), the bulk homogeneous
counterpart.
5.3 Wave-forms around a crack surrounded by a micro-
structured coating
In this section we study a special coating for one-dimensional cracks inside a triangular
lattice. We consider a shear plane wave of angular frequency ω = π rad/s impinging on the
crack. The coating is obtained by introducing resonators around the crack.
The physical parameters of the exterior triangular lattice in which the plane wave propa-
gates, can be chosen in such a away as to guarantee an isotropic dynamic response at a given
frequency. For example, the stiffness of the links cTL = 50 N/m and the mass of the nodal
points mTL = m+3mo = 1.43 Kg (see set 1 in Table 4.2) guarantee an isotropic dynamic
response at ω = π rad/s. We observe that the aforementioned choice of the mass minimises
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spurious scattering effects associated with a contrast in inertia. Fig. 5.9(a) shows a shear
plane wave of frequency ω = π rad/s propagating through the isotropic triangular lattice. In
Fig. 5.9(b), a crack, created by removing some links from the triangular lattice, scatters the
shear plane wave.
In this section, the lattice parameters of the structured coating are given in set 1 of
Table 4.2. The corresponding dispersion surfaces are reported in Fig. 4.9(a). The different
frequency regimes are discussed via the analysis of the scattered displacement fields: we
address first the frequencies close to the Dirac-like point and later we focus on a band gap
regime.
(a) (b)
Fig. 5.9 Panel (a) shows a shear plane wave of angular frequency ω = π rad/s travelling through an
homogeneous triangular lattice. In panel (b) the same shear wave is scattered by a one dimensional
uncoated crack.
Dirac-like regime. In Fig. 5.10 we compare the modulus of the displacement field resulting
from the interaction of an elastic shear wave with a cluster of resonators (panel (a)) and with
a cluster of resonators containing a crack (panel (b)). The source of the excitation is a plane
wave of frequency ω = π rad/s which corresponds to the Dirac-like point for the periodic
TLR (see Fig. 4.9). Panel (a) shows that scattering of elastic waves is highly anisotropic,
the displacement field being concentrated on the right side of the cluster. It is worthwhile
noting that if the resonators are rotated in the counter-clockwise direction (ϑ0 =−0.82) the
displacement field is mirror-symmetric compared to that of Fig. 5.10(a). The introduction
of a crack within the cluster (Fig. 5.10(b)) triggers the propagation of elastic waves around
the crack itself. The displacement field and the corresponding stresses are still visibly
concentrated around the right tip of the crack. This suggests that a coating of resonators in
the Dirac-like regime is likely to lead to a left-right asymmetry in the propagation of the
crack.
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(a) (b)
Fig. 5.10 The time-harmonic responses to a shear plane wave of frequency ω = π rad/s correspond-
ing to the Dirac-like point for the triangular lattice with resonators. Panels (a) and (b) represent a
cluster of resonators and a crack surrounded by a cluster of resonators, respectively. The parameters
used to model the clusters are listed in set 1 of Table 4.2.
(a)
(b)
Fig. 5.11 The harmonic responses to a shear plane wave of frequency ω = π rad/s corresponding
to the Dirac point for the triangular lattice with resonators. In panels (a) and (b), we substitute the
cluster of Fig. 5.10(b), which is finite in the horizontal direction, with an infinite strip. In panels (a)
and (b), the tilting is clockwise and counter-clockwise, respectively. The parameters used to model
the clusters are listed in set 1 of Table 4.2.
In Figs 5.11, a long strips of resonators containing a crack interact with a shear plane wave
impinging on the strip from above. Several arrangements for the resonators are considered.
In panel (a) (panel (b)) the resonators in the strip are homogeneously tilted in the clockwise
(counter-clockwise) direction. Similarly to Fig. 5.10(a), this leads to an enhancement of the
displacement field close to the tips of the crack. Moreover, the results are mirror-symmetric
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(a)
(b)
Fig. 5.12 The time-harmonic responses to a shear plane wave of frequency ω = π rad/s corre-
sponding to the Dirac point for the triangular lattice with resonators. In panels (a) and (b), we
substitute the cluster of Figs 5.11 with a strongly damaged one, where an infinite line of resonators is
missing along the line of the crack. In panels (a) the tilting is homogeneous. ln panel (b) the tilting
is counter-clockwise above and clockwise below the line defect. The parameters used to model the
clusters are listed in set 1 of Table 4.2.
about the vertical line passing through the centre of the crack. This is consistent with what
we observe in Fig. 5.10(b).
In Fig. 5.12, the homogeneously tilted strip analysed in Fig. 5.11(a) has been replaced
by a strip with an interface. The interface is represented by a line of missing resonators.
The stiffness of the triangular lattice links, which define the interface, is assumed to be
cTL = 50 N/m, as in the exterior triangular lattice. In Fig. 5.12(b), the strip is similar to the
one of Fig. 5.12(a) but counter-clockwise tilting above the line and clockwise tilting below the
line is implemented. In Figs 5.12(c) and 5.12(d) the displacement field is mirror-symmetric
with respect to a vertical line passing through the centre of the crack.
Band gap regime. In Fig. 5.13, a shear plane wave coming from above impinges at normal
incidence on a cluster of resonators (panel (a)) and on a cluster of resonators containing a
crack (panels (b),(c) and (d)). The frequency of the excitation is ω = 2.4 rad/s corresponding
to the band gap of Fig. 4.9(a). It is remarked that the incident wave does not penetrate
the coating. In particular, panel (b) shows that the structured cluster acts as a protective
layer for the crack, as one would expect from the analysis of the dispersion diagram for
Bloch-Floquet waves. In Figs 5.13(c) and 5.13(d) we introduce a defect consisting of a
missing line of resonators along the extension of the crack. In Fig. 5.13(c) the tilting angle is
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(a) (b)
(c) (d)
(e)
Fig. 5.13 The harmonic response of a cluster of resonators to a shear plane wave of frequency
ω = 2.4 rad/s inside the stop band for the TLR. Panel (a) and (b) are with and without a crack. Panels
(c) and (d) include a line of resonators missing along the extension of the crack. In panel (c) the tilting
angle is homogeneous, whereas in panel (d) the resonators are tilted through opposite angles above
and below the crack. Panel (e) is a detail of the lower boundary of the cluster in panel (a) showing an
edge wave. The lattice parameters are as in Figs 5.10.
homogeneous, whereas in panel 5.13(d) the resonators are tilted in opposite directions above
and below the line defect. The stiffness of the links of the line defects is the same as of the
exterior triangular lattice. Figs 5.13(c) and 5.13(d) show a displacement enhancement at the
perimeter of the cluster, however away from the crack tip. Fig. 5.13(e) highlights an edge
wave travelling along the boundary of the cluster.
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(a) (b) (c)
(d) (e) ( f )
Fig. 5.14 The time-harmonic response to a shear plane wave. Panels (a) and (d), (b) and (e), (c)
and (f), comprise a crack, a cluster of resonators and a crack surrounded by a cluster of resonators,
respectively. The angular frequency for panels (a), (b) and (c) is ω = 2.1 rad/s corresponding to the
lower edge of the band gap of Fig. 4.9(a). The angular frequency of the shear waves in panels (d), (e)
and (f) is ω = 2.7rad/s, corresponding to the upper edge of the band gap of Fig. 4.9(a).
In Figs 5.14(a), 5.14(b) and 5.14(c), the angular frequency ω = 2.1 rad/s of the plane
wave corresponds to the lower edge of the band gap of Fig. 4.9(a). In Figs 5.14(d), 5.14(e)
and 5.14(f), the frequency ω = 2.7 rad/s corresponds to the upper edge of the band gap.
For the lower edge frequency, although the cluster is partially protective (see panel (b)), the
introduction of the one-dimensional defect increases the stress concentration around the
crack (panels (c)), compared to the uncoated configuration (panels (a)). A similar effect is
reported for the upper edge of the band gap in Figs 5.14(e) and 5.14(f). In the vicinity of the
band gap edges, the coating of resonators enhances the displacement field around the crack,
increasing the chances for the crack to propagate.
5.4 Edge crack subjected to a transient thermal load
The governing equations, loading configuration and the fracture criterion are the same as in the
earlier computations for the thermoelastic crack advancing through a homogeneous triangular
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Fig. 5.15 The Fast Fourier Transform of the input pulsating load has identified a countable number
of spikes at different frequencies. Two spikes in the low frequency regime are shown here.
cℓ [N/m] m [Kg] L [m] ℓ [m] cℓo [N/m] mo [Kg] ϑ0 [deg] α[C−1]
set 1, TLR 1 181.82 1 0.21 1 90.91 47 10−3
set 2, TLR 1 181.82 1 0.21 1 90.91 78 10−3
TL 1 1 1 10−3
Table 5.2 Thermoelastic parameters for the ambient triangular lattice (third row) and for triangular
lattices with resonators (first and second rows). The parameter α = (dL/dT )/L is the longitudinal
coefficient of thermal expansion which applies to the triangular lattice links only. The remaining links
are such that α = 0.
lattice [92]. Here, a geometrically chiral coating surrounding the crack is introduced into
the model. An elastic wave is generated as a result of a rapid variation of the boundary
temperature. The fracture criterion is based on a normalised threshold elongation ε =
∆L/L. The crack advances when the ligament at the crack tip reaches the critical threshold
elongation. The loading configuration is made of square pulses applied to the left edge of
the computational domain. The period of the load is θ = 4τ , where τ = 16 s is the duration
of a single pulse. The radian frequency of the pulse is therefore ωs = 0.0982 rad/s, where
the subscript s stands for “striping". The duration of the pulse is 60 τ . Fig. 5.15 shows the
Fourier spectrum of the temperature loading. We observe that the spectrum is dominated by
spikes occurring at multiples of ωs. We limited the plot to ω¯ ∈ [0,2.1ωs], where the most
pronounced spikes of the spectrum appear.
Tilted resonators are added as four layers (two above and two below the crack). The
trusses which link the resonators to the nodal points of the triangular lattice are thermally
insulated. The mass of the unit cell containing a resonator is not equal to the mass of the
exterior triangular lattice nodal points. In Table 5.2, we list the thermoelastic parameters
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(a)
(b) (c)
Fig. 5.16 Dispersion surfaces for a TL (panel (a)) and for two TLRs (panels (b) and (c)). Panel
(a) has been obtained using the parameters listed in the third row of Table 5.2. Panels (b) and (c)
correspond to the parameters listed in the second and first rows of Table 5.2, respectively.
used in the transient non-linear simulations. The dispersion diagrams corresponding to the
periodic lattices are presented in Fig. 5.16. Fig. 5.16(a) presents the dispersion surfaces for
the triangular lattice outside the cracked strip. Figs 5.16(b) and 5.16(c) show the dispersion
diagrams for two triangular lattices with resonators which differ from each other by the tilting
angle (47 deg and 78 deg, respectively). The structured lattices are deliberately designed in
such a way that ωs lies in the pass band of Fig. 5.16(b) and in the stop band of Fig. 5.16(c),
as highlighted by the horizontal red lines.
From the transient solution of the thermoelastic problem described above, we extracted
the crack length Lc at several time intervals. The results are presented in Fig. 5.17 for
different normalised elongation thresholds ε . Panel (a) corresponds to the lower tilting angle
and panel (b) to the bigger one. At the same elongation threshold, the average crack speeds in
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Fig. 5.17 Crack length Lc as a function of time for two configurations corresponding to two tilting
angles. The hosting triangular lattice and the the parameters for the two lattices with resonators are
reported in Table 5.2.
panel (a) are slightly higher than those in panel (b). We provide a qualitative interpretation of
this phenomenon as follows. The thermal shocks at the left edge of the computational window
trigger elastic waves whose Fourier spectrum (amplitude in arbitrary units vs frequency) is
represented in Fig. 5.15. When ωs is in the pass band, i.e. when ϑ0 = 78 deg, elastic waves
can propagate along the strip of tilted resonators (see Fig. 5.16 ), resulting in a reduction of
strain concentration at the crack tip compared to the ϑ0 = 47 deg configuration. Equivalently,
for ϑ0 = 78 deg the strip of resonators acts as a structured waveguide which channels the
energy away from the crack tip, as illustrated in Fig. 5.18. On the contrary, when ϑ0 = 47 deg,
the waveguide action is being suppressed, which leads to the field localisation around the
crack and hence a stronger advance of the fracture through the lattice.
crack tilted resonators
Fig. 5.18 Instantaneous modulus of the displacement for the time step t/θ ≈ 10 in the transient
simulation represented in Fig. 5.17(b) for the elongation threshold ε = 5×10−3 (red dotted line).
The crack tip “emits" elastic waves which propagate along the structured coating.
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5.5 Summarising remarks on chapter 5
In this chapter we have studied several applications of lattices containing tilted resonators,
whose dispersive properties have been analysed in chapter 4. The effects of the resonators
are most significant in the dynamic regime and give rise to many interesting phenomena,
such as dynamic anisotropy, spatial localisation and Dirac cones. We have identified several
important applications of a novel geometrically chiral micro-structure in the design of
advanced materials, used as filters/polarisers of elastic waves.
In section 5.1 we have used the chiral branch to design and implement a flat lens for
mechanical waves in a triangular lattice. In our model, we have chosen the mass of the unit
cell of the structured lattice to coincide with the mass of the unit cell of the ambient triangular
lattice. This allows us to deal with statically equivalent lattices, as it has been demonstrated
in section 4.3.2. The differences in dispersive properties (existence of a chiral branch for
the triangular lattice with tilted resonators, dynamic anisotropy, concavity of the dispersion
surface) emerge in the dynamic regime.
A transient advance of a crack, whose instantaneous snapshot is given in Fig. 5.18, has
been studied in a micro-structured layer where tilted resonators in the lattice are present. The
analysis of the transient crack advance illustrated by Figs 5.17(a) and 5.17(b) is linked to the
tunable dispersion properties of the lattices (see Fig. 5.16) and to the guiding features of the
structured coating around the crack, as shown in Fig. 5.18.
The Dirac-like dynamic regime has been achieved and studied here in relation to the
wave-guiding and wave-defect interaction problems. Asymmetries in the scattered elastic
field have been identified for waves at the Dirac-like frequency.
Shielding of a defect from an incident elastic shear wave have been achieved in the band-
gap regime of the triangular lattice with resonators. In addition to the usual low penetration
of external waves within the protecting coating, we emphasise that edge waves occur around
the perimeter of the coating in our model (see Fig. 5.13). This is a “finger-print" of the
lattice’s geometric chirality, and cannot be achieved by the straightforward adjustment of the
triangular lattice parameters, e.g. by introducing a contrast in the inertia or stiffness.
Chapter 6
Conclusions and future work
In this chapter, we highlight the main findings of this thesis and their contributions to the
diverse research fields investigated. The research line drawn by this thesis is also linked to
future scientific investigations.
In chapter 2 we derived the transmission and reflection matrices for the out-of-plane
shear elastic waves and transverse magnetic waves scattered by a finite piezoelectric layered
medium. The identification of threshold frequencies (discussed in chapter 1) allowed us to
formulate the scattering problem in two regimes: the elastic frequency regime, addressed
in section 2.2.1, where only elastic energy propagates and the electromagnetic field is
localised; and the electromagnetic frequency regime, analysed in section 2.2.2, where both
elastic and electromagnetic waves propagate. The electromagnetic regime deserves a special
mention. Given an elastic (electromagnetic) incident wave an electromagnetic (elastic)
response develops at the same frequency. In section 2.3, it is further emphasised how oblique
incidence plays a major role in the scattering problem. The cross-term contributions to the
propagating energy are driven by the piezoelectric effect via the boundary conditions as
discussed in 2.2.2.
In chapter 3, we studied the in-plane vector problem of elasticity for a checkerboard-like
periodic piezoelectric structure. The governing equations and the continuity and Bloch-
Floquet conditions have been investigated for the polarisation vectors lying in the plane of
the checkerboard. The dispersion surfaces for Bloch-Floquet waves have been presented
and several dynamic effects have been mentioned. We believe that the solution of the
transmission problem through a finite checkerboard-like structure, will be important for a
deeper understanding of the aforementioned physical phenomena. The modelling approach
developed here is generic, and it is readily extendible to the case of imperfect interfaces,
where jump conditions are imposed on displacement and tractions.
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In chapter 4, our main focus was on a new chiral lattice which exhibits a range of
interesting dynamic properties, including dynamic anisotropy, and Dirac and Dirac-like
dispersion. The chiral lattice is created by the inclusion of a periodic array of triangular
resonators embedded within an infinite uniform triangular lattice.
The dispersive properties of the chiral lattice are traced back to the tilting of the resonator.
Specifically, the introduction of the resonator results in the appearance of several additional
modes that interact with the modes corresponding to the triangular lattice without resonators.
In particular, the resonators give rise to a novel rotationally dominant mode, which we refer
to as the “chiral branch” (see section 4.3). The chiral branch frequency can be tuned to form
Dirac-like dispersion with the optical modes at Γ, as discussed in section 4.3.4. The effect
of introducing a non-uniform tilting angle has also been examined in section 4.4, where it
has been shown that vortex-like modes can be obtained by alternating the tilting angle from
one cell to the next. The plan of future studies includes breaking the spatial periodicity of
the lattice by random perturbations of the tilting angles - adding a small random distribution
to the tilting angles around a given value ϑ0 may influence considerably the propagation of
elastic waves.
In chapter 5 we investigate structured interfaces containing tilted resonators. In section
5.4, a transient advance of a crack has been studied in a micro-structured layer with tilted
resonators. The analysis of the transient crack advance is linked to the tunable dispersive
properties of the lattices and to the guiding features of the structured coating around the
crack.
The Dirac-like dynamic regime has been studied in sections 5.2 and 5.3 in relation to the
wave-guiding and wave-defect interaction problems. Asymmetries in the scattered elastic
field have been identified for waves at the Dirac-like frequency. This in turn empowers
further studies in the context of asymmetric crack initiation mechanisms.
Here we have proposed the design of a structured interface which contains tilted resonators
and acts as a flat lens for mechanical waves in a triangular lattice. As it has been demonstrated
in section 4.3.2 and further remarked in chapter 5, our analysis focuses on lattices which are
statically equivalent, by imposing the masses of the unit cells to be the same. In a future
work, it would be interesting to include a contrast in inertia between the ambient lattice and
the interface. This will allow, for example, to investigate wave scattering by a dynamically
anisotropic interface placed in a dynamically isotropic lattice.
Future research will address the effect of pre-stress on the distribution of tilting angles
within a finite cluster of resonators. This may have interesting applications in structural
engineering, both in static and dynamic problems. In addition, an extension of the work
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which has been done in section 5.4, where only the triangular lattice links are thermally
conductive, may include heat-conductive resonator links.
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